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ABSTRACT

The concept of C"- recurrent Finsler space has been studied by
M.Matsumoto [6] . H.lzumi ([4],[5]) gave the concept of *P- spaces
which was the generalization of C™-recurrent spaces and P2-like
spaces of M.Matsumoto ([6],[7]). R.Verma [15] discussed C"-

birecurrent spaces where these spaces are generalization of C"-
recurrent spaces of M.Matsumoto [6] .Besides the correlation of

C"- birecurrent spaces which C"- recurrent space , some special
C"- birecurrent spaces has been discussed . The result concerning
h- isotropic C"- recurrent space due to M.Matsumoto [6] has been
extended to C™- birecurrent spaces by P.N. Pandey and R.Verma
[15]. C.K.Mishra and G.Lodhi [9] studied the properties of C"-
recurrent and CY- recurrent for torsion tensor field of the second

order in Finsler spaces .
The purpose of the present paper is to study the properties of

C™- trirecurrent torsion tensor field and the recurrence covariant

vector field of the third order in Finsler spaces .

Keywords: h- Trirecurrent Tensor , C"-Trirecurrent Finsler Space ,
C™-Trirecurrent Affinely Connected Space and P*-
C"- Trirecurrent Space.

INTRODUCTION

Let us consider an n-dimensional Finsler space F, equipped with a metric
function F(x!,y') satisfying the requestic conditions of a Finslerian
metric[10],the corresponding symmetric metric tensor g;; =+ and Cartan's
connections parameters .

The relations between the metric function F and the corresponding metric
tensor g;; are given by

1 ) a ok ok
Corresponding to each contravariant vector y' , there is a covariant y; ,
such that
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(1.2) Yi= gijyj .
The (h) hv —torsion tensor C;j,, defined by M.Matsumoto [6]
(1.3) Cijy = %a.igjk = iaiajdsz ,

it is positively homogenous of degree -1 in y* and symmetric in all its indices .
The (v) hv- torsion tensor ]-ik which is the associate tensor of C;j, and is defined by
(1.4) jlk: = 9" Cipi
For an arbitrary vector field X! , E. Cartan deduced ([1],[2])

(1.5) Xio=0. X' — (0, X)) GL + X" T3,

where the functions T} and G} are defined by
(1.6) a) Iy = Ty -Gy Tsey*
and

b) Gi = Tk y°
The functions T';i. defined by (1.6a) are called Cartan's connection parameters. These are
symmetric in its lower indices are positively homogenous of degree zero in y* .
The equation (1.5) gives a process of covariant differentiation known as h-covariant
differentiation (Cartan's second kind covariant differentiation ) .M.Matsumoto ([6] ,[7])
calls this derivative as " h-covariant derivative" .
The associate tensor g% of the metric tensor g; ; is covariant constant with respect to the

above process , i.e.

(L7) gii =0
The h-covariant derivative of the vector y' vanishes identically , i.e.

The commutation formula for Cartan's covariant differentiation of an arbitrary vector field

Xt expressed as follows:

The h-curvature tensor R, (which is the third of Cartan's curvature tensors) is defined by

(1.10) R}kh: = ahrﬁc + (9, F]*Il() Loy +C,-"m(0k1“221y5 — L Ty )+ Ty Tig' — k/h :
The (hv)- curvature tensor Pj, ( which is the second of Cartan curvature tensor) is

defined by

(1.11) P]Lkh = Climj = 3" Ciknir + Cﬁcprlh - PjThCrlk .

This tensor satisfies tensor

(1.12) le(chy] = Pep = Crnir 7 -

The tensor Py, is called v (hv) — torsion tensor.

1. C" —Trirecurrent Finsler Space
M.Matsumoto [6]defined an —recurrent Finsler space by the condition
(2.1) a) Cijkn = L, Cijk v Cijr # 0
or equivalent to the con_dition [_9]
(21) b) lek” = Alelk y jlk *0 y
where A; is non-zero covariant vector field .
R.Verma [15] defined an C"* —birecurrent Finsler space by the condition
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22) ) Cijrum = amCijk y Cijk #0

or equivalent to the condition [10]

(22) b)) Cagm = amCix » C #0 ,

where a;, = Ay, + 44, 1S a recurrence covariant tensor field of second order.
Taking h- covariant differentiation of (2.1a) with respect to x™ , we get

(A) Cijkiim = AimCiji + L AmCijikc -

Again taking h-covariant differentiation of (A) with respect to x™ , we get

23)  Cijrumm = QGmnCijie Cij #0
where
(B) Qmn = imin + AimAn + Aindm + Lidimin + L4y

Definition 2.1. The space in which the (h) hv- torsion tensor C;j,, satisfies the condition (2.3)
, Where a;,,, i recurrence covariant tensor field of third order defined by the equation (B)
, the space and the tensor satisfying the condition (2.3) will be called C" — trirecurrent and
h-trirecurrent tensor respectively , we shall denote such space and tensor briefly by C*-TR-
E, and h-TR respectively.

If we assume the condition (2.3) which is the characterizing equation of C"-TR-E, ,
where a,,,, is the recurrence covariant tensor field of third order , it does not imply the
condition (2.1a) in general.

Therefore the condition (2.3) is more general than the condition (2.1a) .In this case the
recurrence covariant tensor field a;,,,0f third order need not to be of the form (B) .
Thus , we conclude

Theorem 2.1. Every C"-recurrent Finsler space (for which the recurrence vector field
satisfies (B) is not zero) , is C*-TR-F, .
Corollary 2.1. In C"- TR-E, , the (v) hv-torsion tensor is h-TR .
Proof
Let us consider C"- TR-E, characterized by (2.3) .
Transvecting (2.3) by g% and using (1.7) and (1.4) , we get
(2.4) Cittmin = @mnCiie + Ciie # 0

Now , transvecting (2.4) by y‘and using (1.8) and (1.12) , we get
(2.5) Pitm = @mnY'Cii.
Also , let us consider a C"- TR-E, characterized by (2.3) which is also a P* —Finsler space.
For such space we have the condition (2.5) and the equation
(26)  Ri= ¢Ci
where ¢ is non-zero scalar.
Taking h-covariant differentiation of (2.6) with respectto x™ , we get

(2.7) Pliim = GmCiy + ¢Clhy -

Transvecting (2.7) by y™ and using (2.10) , we get

(2.8) PlhmY™ = Gim Y™ Cii, + OP

In view of (2.6)' , the equation (2.8) can be written as

(2.9) PiemY™ = b " Ciie + ¢ Cj, -

Taking h-covariant differentiation of (2.9) with respect to x™ and using (1.8) , we get
(2.10) Primin Y™ = Bimin Y™ Cite + Pim Y™ Cin + 20b1n Ciip + 0® Cii -
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In view of (2.5) and (2.10) , we get
almnyl yng{ = Gimin ymcgc + dim ymcgdn + 2¢pin Cgc + ¢2 ngm

or

a L,ym_ m_o
Cic;dn = ( ImnY y¢|milrrnn:jz PP ) Cg(
which shows that the space is C* —recurrent provided
( almnylym_¢|m\nym—2¢'¢ln ) =0
Dimy™+p? ’
Thus , we conclude

Theorem 2.2. The C"-TR-E, is C"-recurrent if itisa P* —Finsler space and ¢, # 0, ¢
being defined in (2.6) .

Commutating (2.4) with respect to the indices m and n and using commutation formula
(1.9) , we get
(2-11) Ci}llcRZmnIl - C;llkRi};nnll - CiglRI}clmnll - Ci?cl Hrlrllnll - Ci}ILcIlRiillmn - C}gkIlRi};nn

—CipiRitmn = Cite nuHm = (Qumn = @nm) G -

Note 2.1. An affinely connrcted space is characterized by any one of the following equivalent
conditions

a) Gjlkh = and b) Cijk”‘l. =0.
Thus , we may conclude

Theorem 2.3. If the C"-TR-E, is affinely connected space , the recurrence covariant tensor
field of third order a;,,,, is symmetric in its last two indices .

Contracting the indices g and i in (2.11) and putting C;, for Cgk , We get

(2-12) (almn - alnm) Cy= _ChIlR}}llmn — Gy hIlH;rlm - ChRI}clmnll = Cy hHr}rlmll :
Due to the skew —symmetric of Ry, in its last two indices , we have

(2.13q) CrRitmmiC* = RpommuC"C* =0

and

(2.13b) CritRitmn C* = RpamnCiC* =0

where Ck = g¥(; .
Transvecting (2.12) by C* and using (2.13a) and (2.13b) , we get

(2.14) (@imn — Qnm) CkC*= —Cy i C¥HE — Cn CRHE
which can be written as
(2.15) (@imn = Anm) CkC*= —Ci i C* R Y™ — Cign C* R} y”

Transvecting (2.15) by C, and using (2.13) , we get
(almn - alnm) CkaCr =0.
This implies at least one of the following :
(2.16) Q) Ay — A, = 0 and b) C,CkC,=0 .
The condition (2.16a) , implies that the recurrence covariant tensor field a;,,,,, of third order
is symmetric in its last two indices .
The condition (2.16b) , implies C,- = 0 which in view of Deicke's theorem [4] implies that
the space is Riemannian .
Thus , we conclude
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Theoram 2.4. A C"-TR-E, either its recurrence covariant tensor field of third order is
symmetric in its last two indices or Riemannian space .
Suppose that there exists a non-null covariant vector field A; such that

(2.17) Q) Hympy + Heppuy + Hyppy = 0
and

b) AnHimn + AnHrpp + AnHynp = 0
Transvecting (2.15) by A, , we have
(2-18) blmn/lqckck: _Ck hil AquHj}mnyr - Ck hqukamnllyr )
where bDrmn = Qmn — Unm. -

Taking skew-symmetric part of (2.18) with respect to the indices m, n and g, we get
(blmn)‘q + blqmln + blnqlm) Cka = _Ckhckyr(AqHﬁmn + AnHﬁqm + AmHﬁnq)
_Ck|hIleyr(AqH;lmn + Aanqm + AmH;Inq .
In view of (2.17) , the above equation implies
(2.19) (bimniq + bigmAn + bingAm) C.C*¥=0
This implies at least one of the following :
(2.20) ) bunndq + bigmAn + bingAm =0
and
b) C,Ck=0 .
The condition (2.20b) implies C, = 0 which in view of Deicke's theorem[4] implies that the
space is Riemannian.
That is , if a C"TR-E, admits the identity (2.17) , the space is either admits (2.20a) or
Reimannian space .
Thus , we conclude

Theorem 2.5. If a C"—TR-E, admits the identity (2.17) , the space either admits (2.20a)
or Reimannian space .

Since a R"-recurrent Finsler space [15] , a K "—recurrent Finsler space [11] and a H-
recurrent Finsler space [13] admit the identity (2.17) .
Similarly, we may conclude
Corollary 2.2. AC'TR-E, is either admits (2.20a) or Reimannian space provided if
satisfies one of the following :
1) ltisa R™—recurrent Finsler space ,

(2) ltisa K™recurrent Finsler space ,
(3) ItisaH-recurrent Finsler space .

If the deviation tensor H}: of C"~TR-E, vanishes identically . In view of H}, =
g(ékH,"l — 0, HL) , the equation (2.14) reduces t0 (Amn — Amm) CxC* =0 . This implies
that the space either its recurrence covariant tensor field of third order is symmetric in its

last two or Riemannian space .
In the later case , the equation (2.12) reduces
(2-21) ChIlRI’;mn = CthfclmnIl '
Thus , we conclude
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Theoram 2.6. A C"-TR-E, with vanishing deviation tensor if either its recurrence tensor
field of third order is symmetric in its last two indices or Reimannian space , then the
curvature tensor Ry, satisfies (2.21).

Taking h- covariant differentiation of (2.2a) with respect to x™ , we get

(2.24) Cijrnmin = QmmCijie + AmCijrm  Cije # 0.

If the (h) hv- torsion tensor C;jy is h-TR , the equation (2.24) can be written as
(2.25) Cijkimin = bunnCijk s Cije #0

here

(C) bimn = Qi + Gy

If we assume the condition (2.25) is characterizing equation of C*~TR-E, , where by,,,,is
the recurrence covariant tensor field of third order , it does not imply the condition (2.2a) in
general . Therefore the condition (2.25) is more general than the condition (2.2a) . In this
case the recurrence covariant field b,,,,,, of third order need not to be of the form (C).
Thus, we conclude

Theorem 2.6. If the (h) hv- torsion C;j; is h-TR , then every C"-TR-E, (for which the
reucerrence vector field satisfies the equation (C) is not zero). is C"-TR-F,.
Corollary 2.3. In C"-TR-E, , the (v) hv- torsion tensor Cjik is h-TR provided Cjik is h-
recurrent .
Proof
Let us consider C"—TR-E, characterized by (2.3) .
Transvecting (2.3) by g@ and using (1.7) and (1.4) , we get
(2.26) Chivmm = bumnCie s Cl#0 .

Let us transvecting (2.26) by y* and using (1.8) and (1.12) , we get
(2.27) Pimin = bumn ¥* Cii

Let us consider a C"—TR-F, characterized by (2.3) which is also a P* —Finsler space. For
such space we have the condition (2.27) and the equation (2.6) .
In view of (2.6) , the equation (2.8) can be written as
Pitim @ 9™ = ($im Y™ + &%) Pi,
Note 2.2. P* —Finsler space.is characterized by the condition ([4], [5])
Pep = Cenjy' = dCrp 0+ 0.
Thus , we conclude

Theorem 2.8. If the C"-TR-E, is P* —Finsler space , the h- covariant derivative of the v(hv)
—torsion tensor P is proportional to the tensor P! for which the recurrence ¢y, y™ + ¢* #0

In view of (2.6) , the equation (2.5) can be written as
(228) a) PiZImIn = %almnylpiz
or

b) ¢PiZImIn = almnylpiz :
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Thus, we conclude

Theorem 2.9. If the C"-TR-E, is P" —Finsler space , the v(hv) —torsion tensor PiZ is

l
birecurrent for which the recurrence covariant tensor field of second order almn% is not zero.

or
Theorem.2.10. If the C*~TR-E, is P* —Finsler space , the second h- covariant derivative of
the v(hv) —torsion tensor P} is proportional to the second directional derivative of the tensor
P] inthe directional of y" and y™ .
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b $Lsb Jga 0 — CT 53t o0

il 028 Chaudly pagd
O Aaala — 3 / Ay ) A0S cilualy )l anid

uadla

Sald pliad Uath 48,00 028 & F, 4 38y gM—(h)hy 8N g Ciji A PAIN
il JEsal) ) Aty 20N A5 0 e 2l ™ A" e Cijkiimmn = UmnCiji,. Cijie # 0,
GIEN 450 (e g jlea b CIDEAY) dmta gata Jia a— (M (U Gualllmin —h GDEAY) aaial)
B Apald (ghay o2 jigall o Uithigsaglaall — b Baglaall (D Sige ¢ Glladll @) slads slises]
nshal 98 48,510 038 (e 2 A —C Aima ) 51 B dual 53 Al 3 A (e Al g B glaal) DG — B3 glacal)
s Ll g sleaid 5Lih (3 — (V) v SN Sisal € i) Sigall Jia Sy @, Aol M G 5l
Suadd pld _ | Baglaall S Sga — (M pliad Baglaadl ANE—CMEa gl DG LY

Affinely Connected ) sl —C" — P 5aglaall A6 ; Lalide cilal
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