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Abstract     
 This paper aims to introduce a new transform known as the complex Al-Zughair transform, which has been presented in previous research. A complex Al-

Zughair transform is useful for finding the transform of new functions. 
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1. Introduction 

In 2008, Mohammed and Kathem discovered Al-Tememe transform 

[1] which has been used to solve Euler's Equation. In 2015, Al-Tememe 

transform has been used to solve a special type of differential equation [2]. 

A new transform known as the “Al-Zughair transform” was discovered [3], 

which was taken on to solve special types of differential equations [4]. The 

transform has the following formula: 

𝑍(𝑓(𝜘)) = ∫
(ln(𝜘))Ҏ

𝜘
𝑓(𝜘)𝑑𝜘

𝑒

1
  ………….  (1) 

Al-Zughair transformation was used to define some basic concepts such as 

differentiation, integration, solving linear systems of ordinary and partial 

equations, and convolution theory. 

Definition (1.1) [1]: Suppose that  𝑓 is a function defined on the 

interval (𝑎, 𝑏). The integral transform for 𝑓 whose symbol 𝐹(Ҏ) such as: 

𝐹(Ҏ) = ∫ 𝑘(Ҏ, 𝜘)𝑓(𝜘)𝑑𝜘,

𝑏

𝑎

 

In which k is a function of two factors,  Ҏ and 𝜘 and it's called the kernel of 

the transform and a, b ∈ 𝐼𝑅 or ±∞, such that the above integral converges. 

Definition (1.2) [1]: Suppose that  𝑓(𝑥),  is a function defined in [1, 𝑒] 

Al-Zughair transform is characterized by the integral:  

𝑍(𝑓(𝜘)) = ∫
(ln(𝜘))Ҏ

𝜘

𝑒

1

𝑓(𝜘) 𝑑𝜘 ≡ 𝐹(Ҏ) 

Such that this integral converges and Ҏ > -1. 

Definition (1.3): Suppose that  𝑓(𝜘), is a function defined in [1, 𝑒]. The 

complex Al-Zughair transform is characterized by the integral:  

𝑍𝑐(𝑓(𝜘)) = ∫
(ln(𝜘))Ҏ𝔦

𝜘

𝑒

1

𝑓(𝜘) 𝑑𝜘 ≡ 𝐹(Ҏ𝔦) … (2) 

Such that this integral converges and 𝑃 ∈ 𝑅, Ҏ > -1, and  
(ln(𝜘))Ҏ𝔦

𝜘
 is the 

kernel of this transform, 𝔦 = √−1  . 

Property (1.4): 

A complex Al-Zughair transform is linear.  

𝑍𝑐(𝐴𝑓(𝜘) ± 𝐵𝑔(𝜘)) = ∫(𝐴𝑓(𝜘)

𝑒

1

± 𝐵𝑔(𝜘))
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 ; 𝐴 𝑎𝑛𝑑 𝐵 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 

= ∫ 𝐴𝑓(𝜘)
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

± ∫ 𝐵𝑔(𝜘)
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝑥

𝑒

1

 

= 𝐴 ∫ 𝑓(𝜘)
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

± 𝐵 ∫ 𝑔(𝜘)
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

= 𝐴𝑍𝑐(𝑓(𝜘)) ± 𝐵𝑍𝑐(𝑔(𝜘)) 

1.2 A complex Al-Zughair transform of some functions 

1) 𝑍𝑐(1) =
1

1+Ҏ2
−

Ҏ

1+Ҏ2
𝔦 

Proof: 

𝑍𝑐(1) = ∫
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

=
(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
|
1

𝑒

=
(ln(𝑒))1+Ҏį

1 + Ҏį
⎯

(lņ(1))1+Ҏį

1 + Ҏį
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=
1

1 + Ҏį
×

−Ҏį + 1

−Ҏį + 1
=

−Ҏį + 1

1 + Ҏ2
=

1

Ҏ2 + 1
−

Ҏ

Ҏ2 + 1
į 

2) 𝑍𝑐(𝑘) =
𝑘

Ҏ2+1
−

𝑘Ҏ

1+Ҏ2
𝔦  where 𝑘 ∈ 𝑅 

Proof: 

𝑍𝑐(𝑘) = ∫ 𝑘
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝑥

𝑒

1

= 𝑘
(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
|
1

𝑒

= 𝑘
(ln(𝑒))Ҏį+1

Ҏį + 1
− 𝑘

(lņ(1))Ҏį+1

Ҏį + 1
 

=
𝑘

1 + 𝔦Ҏ
×

−Ҏį + 1

−Ҏį + 1
= 𝑘

(1 − Ҏį)

Ҏ2 + 1
= (𝑘

(1 + Ҏ2)⁄ ) −
𝑘Ҏ

1 + Ҏ2
į 

3) 𝑍𝑐(ln(𝜘)) =
2

4+Ҏ2
−

Ҏ𝑖

4+Ҏ2
 

Proof: 

𝑍𝑐(ln 𝜘) = ∫
(ln(𝜘))Ҏ𝔦

𝜘
ln 𝜘 𝑑𝜘

𝑒

1

= ∫
(ln(𝜘))Ҏ𝔦+1

𝜘
𝑑𝜘

𝑒

1

==
(ln(𝜘))2+Ҏį

2 + Ҏį
|
1

𝑒

=
(ln(𝑒))2+Ҏį

2 + Ҏį
⎯

(ln(1))2+Ҏį

2 + Ҏį
 

=
1

2+Ҏį
×

2−Ҏį

2−Ҏį
=

2−Ҏį

4+Ҏ2
=

2

4+Ҏ2
−

Ҏ

4+Ҏ2
į. 

4)  𝑍𝑐((ln(𝜘)ᶇ) =
(ᶇ+1)

(ᶇ+1)2+Ҏ2
−

Ҏ𝔦

(ᶇ+1)2+Ҏ2
; ᶇ 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑛𝑢𝑚𝑏𝑒𝑟  

Proof: 

𝑍𝑐((ln(𝜘))ᶇ) = ∫
(ln(𝜘))Ҏ𝔦

𝜘
(ln(𝜘))ᶇ 𝑑𝜘

𝑒

1

= ∫
(ln(𝜘))Ҏ𝔦+ᶇ

𝜘
𝑑𝜘

𝑒

1

=
(ln(𝜘))Ҏ𝔦+(ᶇ+1)

Ҏ𝔦 + (ᶇ + 1)
|
1

𝑒

=

=
(ln(𝑒))Ҏį+(ᶇ+1)

Ҏį + (1 ⨥ ᶇ)
⎯

(ln(1))Ҏį+(ᶇ+1)

Ҏį + (1 ⨥ ᶇ)
 

=
1

Ҏ𝔦 ⨥ (ᶇ ⨥ 1)
×

−Ҏ𝔦 + (ᶇ ⨥ 1)

−Ҏ𝔦 + (1 ⨥ ᶇ)
=

(ᶇ ⨥ 1) − Ҏį

(ᶇ ⨥ 1)2 ⨥ Ҏ2

=
ᶇ + 1

(1 ⨥ ᶇ)2 + Ҏ2
−

Ҏ

(1 ⨥ ᶇ)2 + Ҏ2
į 

5) 𝑍𝑐(ln (ln(𝜘)) = −
(1−Ҏ𝔦)2

(1+Ҏ2)2
 

Proof: 

𝑍𝑐(lņ(lņ(𝜘)) = ∫ lņ(lņ(𝜘))
(lņ(𝓍))Ҏ𝔦

𝓍
𝑑𝜘

𝑒

1

 

Let 𝑢 = lņ(lņ(𝓍))  ⇒ 𝑑𝑢 =
1

lņ(𝓍)
.

1

𝓍
𝑑𝜘,  𝑑𝑣 =

(ln(𝓍))Ҏ𝔦

𝜘
 ⟹ 𝑣 =

(ln(𝓍))Ҏ𝔦+1

1+Ҏ𝔦
     

= lņ (lņ(𝓍))
(ln(𝜘))Ҏ𝔦+1

1 + Ҏ𝔦
|
1

𝑒

− ∫
(ln(𝜘))1+Ҏ𝔦

1 + Ҏ𝔦
.

1

lņ(𝓍)
.
1

𝓍
𝑑𝜘

𝑒

1

 

= − ∫
(lņ(𝓍))Ҏ𝔦

(Ҏ𝔦 + 1)
.
1

𝜘
𝑑𝜘

𝑒

1

= −
(ln(𝜘))Ҏį+1

(1 + Ҏį)2 |
1

𝑒

=
−1

(1 ⨥ Ҏį)2 ×
(1⎯Ҏį)2

(1⎯Ҏį)2 

= −
(1 − Ҏį)2

(1 ⨥ Ҏ2)2 

6) 𝑍𝑐((ln(ln(𝜘))ᶇ) = (−1)ᶇᶇ!
(1−Ҏ𝔦)ᶇ+1

(1+Ҏ2)ᶇ+1
 where ᶇ integer number. 

Proof:   

𝑍𝑐((ln(ln(𝜘)))ᶇ) = ∫(ln(ln(𝜘))ᶇ
(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

Let  𝑢 = (ln(ln(𝜘)))ᶇ  ⇒ 𝑑𝑢 = ᶇ(ln(ln(𝜘)))ᶇ−1 1

lŉ(𝓍)
.

1

𝓍
𝑑𝜘 ,  𝑑𝑣 =

(ln(𝜘))Ҏį

𝓍
 ⟹

𝑣 =
(lŉ(𝓍))Ҏ𝔦+1

1⨥Ҏ𝔦
     

= (ln(ln(𝓍)))ᶇ
(ln(𝓍))1⨥Ҏ𝔦

1 ⨥ Ҏ𝔦
|
1

𝑒

− ∫
(lŉ(𝓍))1⨥Ҏ𝔦

Ҏ𝔦 + 1
.
ᶇ(lŉ(ln(𝓍)))ᶇ−1

ln(𝜘)
.
1

𝜘
𝑑𝜘

𝑒

1

 

= − ∫
(ln(𝜘))Ҏ𝔦

(Ҏ𝔦 + 1)
.
ᶇ(ln(ln(𝜘)))ᶇ−1

𝜘
𝑑𝜘

𝑒

1

 

𝑢 = (ln(ln(𝜘)))ᶇ−1  ⟹ 𝑑𝑢 = (ᶇ − 1)(ln(ln(𝜘)))ᶇ−2
1

𝜘𝑙𝑛(𝜘)
𝑑𝜘 

𝑑𝑣 =
(ln(𝜘))Ҏ𝔦

𝜘
   ⟹   𝑣 =

(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
 

=
−ᶇ

(Ҏ𝔦 + 1)
[(ln (ln(𝜘)))ᶇ−1

(ln(𝜘))1+Ҏį

1 + Ҏį
|
1

𝑒

− ∫
(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
.
(ᶇ − 1)(ln (ln(𝜘)))ᶇ−2

ln(𝜘)
.

1

𝜘𝑙𝑛𝜘
𝑑𝑥

𝑒

1

] 

=
ᶇ(ᶇ − 1)

(Ҏ𝔦 + 1)2
∫

(ln(𝜘))Ҏ𝔦

𝜘

𝑒

1

(ln (ln(𝜘)))ᶇ−2𝑑𝜘 

𝑢 = (ln (ln(𝜘)))ᶇ−2   ⟹   𝑑𝑢 = (ᶇ − 2)(ln (ln(𝜘)))ᶇ−3
1

𝜘𝑙𝑛𝜘
𝑑𝜘 

𝑑𝑣 =
(ln(𝜘))Ҏ𝔦

𝜘
  ⟹   𝑣 =

(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
 

=
ᶇ(ᶇ − 1)

(Ҏ𝔦 + 1)2 [(ln (ln(𝜘)))ᶇ−2
(ln(𝜘))1+Ҏį

1 + Ҏį
|
1

𝑒

− ∫
(ln(𝜘))1+Ҏį

1 + Ҏį
. (ᶇ − 2)(ln (ln(𝜘)))ᶇ−3.

1

𝜘𝑙𝑛𝜘
𝑑𝜘

𝑒

1

] 

= −
ᶇ(ᶇ − 1)(ᶇ − 2)

(1 + Ҏį)3 ∫
(ln(𝜘))Ҏ𝔦

𝜘
. (ln (ln(𝜘)))ᶇ−3𝑑𝜘

𝑒

1

 

⋮ 

=
(−1)ᶇᶇ!

(1 + Ҏį)ᶇ+1
.
(1 − Ҏį)ᶇ+1

(1 − Ҏį)ᶇ+1
⩦

(−1)ᶇᶇ! (1 − Ҏį)ᶇ+1

(1 + Ҏį)ᶇ+1
 

We can also prove by mathematical induction that: 

If  𝑛 = 2   ⟹   𝑍𝑐((ln(ln(𝜘)))2) = ∫ (ln(ln(𝜘)))2 (ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1
 

𝑢 = (ln(ln(𝜘)))2   ⟹ 𝑑𝑢 = 2(ln(ln(𝜘))).
1

𝜘 ln 𝜘
𝑑𝜘 

𝑑𝑣 =
(ln(𝜘))Ҏ𝔦

𝜘
     ⟹    𝑣 =

(ln(𝜘))Ҏ𝔦+1

(Ҏ𝔦 + 1)
 

= [(ln (ln(𝜘)))2
(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
|
1

𝑒

− ∫
(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
2(ln (ln(𝜘)))1.

1

𝜘𝑙𝑛𝜘
𝑑𝜘

𝑒

1

] 

=
−2

(Ҏ𝔦 + 1)
𝑍𝑐((ln(ln(𝜘)))1) =

−2

(Ҏ𝔦 + 1)
.

−1

(Ҏ𝔦 + 1)2 =
2

(1 ⨥ Ҏ𝔦)3 .
(1 − Ҏį)3

(1 − Ҏį)3

=
2(1 − Ҏį)3

(1 + Ҏ2)3  

If  ᶇ = 3  ⟹   𝑍𝑐((ln (ln(𝜘)))3) = ∫ (ln (ln(𝜘)))3 (ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1
 

𝑢 = (ln (ln(𝜘)))3   ⟹   𝑑𝑢 = 3(ln (ln(𝜘)))2
1

𝜘𝑙𝑛𝜘
𝑑𝜘 

𝑑𝑣 =
(ln(𝜘))Ҏ𝔦

𝜘
  ⟹   𝑣 =

(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
 

= [(ln (ln(𝜘)))3
(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
|
1

𝑒

− ∫
(ln(𝜘))Ҏ𝔦+1

Ҏ𝔦 + 1
3(ln (ln(𝜘)))2.

1

𝜘𝑙𝑛𝜘
𝑑𝜘

𝑒

1

] 

=
−3

(Ҏ𝔦 + 1)
𝑍𝑐((ln(ln(𝜘)))2) =

−3

(Ҏ𝔦 + 1)
.

2

(1 + Ҏ𝔦)3 = −
6

(1 + Ҏ𝔦)4 

=
−6

(1 + Ҏ𝔦)4 .
(1 − Ҏ𝔦)4

(1 − Ҏ𝔦)4 =
−6(1 − Ҏ𝔦)4

(1 + Ҏ2)4  
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⋮ (((()))) 

𝑍𝑐((𝑙𝑛(𝑙𝑛(𝜘)))ᶇ) = (−1)ᶇᶇ!
(1 − Ҏ𝔦)ᶇ+1

(1 + Ҏ2)ᶇ+1 

7)  𝑍𝑐(sin(𝑎𝑙𝑛(𝑙𝑛 (𝜘)))) = ∫ sin(𝑎𝑙𝑛(𝑙𝑛 (𝜘)))
𝑒

1

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 where 

𝑎 ∈ 𝑅. 

= ∫ (
𝑒𝑎𝑙𝑛(𝑙𝑛𝜘))𝔦 − 𝑒−𝑎𝑙𝑛(𝑙𝑛𝜘))𝔦

2𝑖
)

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((𝑙𝑛𝜘)𝑎𝔦) − 𝑒ln((𝑙𝑛𝜘)−𝑎𝔦)

2𝑖
)

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

=
1

2𝑖
(𝑍𝑐((𝑙𝑛𝜘)𝑎𝔦) − 𝑍𝑐((𝑙𝑛𝜘)−𝑎𝔦)) =

1

2𝑖
(

1

Ҏį ⨥ (1 ⨥ 𝔦𝑎)
⎯

1

Ҏį + (−𝑎į + 1)
) 

=
1

2𝔦
(

Ҏ𝔦 − 𝑎𝔦 + 1 − Ҏ𝔦 − 𝑎𝔦 − 1

(𝔦(Ҏ + 𝑎) + 1)(𝔦(Ҏ − 𝑎) + 1)
) =

1

2𝑖

−2𝑎𝑖

(𝔦(Ҏ + 𝑎) + 1)(𝔦(Ҏ − 𝑎) + 1)
 

=
−𝑎

(𝔦(Ҏ + 𝑎) + 1)(𝔦(Ҏ − 𝑎) + 1)
=

−𝑎

𝑎2 − (Ҏ2 − 2Ҏ𝔦 − 1)

=
−𝑎

𝑎2 − (Ҏ⎯į)2
×

𝑎2 − (į ⨥ Ҏ)2

𝑎2 − (į ⨥ Ҏ)2
 

=
−𝑎3 + 𝑎Ҏ2 − 𝑎

𝑎4 − 2𝑎2(Ҏ2 − 1) + (Ҏ2 + 1)2 +
2𝑎Ҏ𝔦

𝑎4 − 2𝑎2(Ҏ2 − 1) + (Ҏ2 + 1)2 

8) 𝑍𝑐(cos(𝑎𝑙𝑛(𝑙𝑛𝜘)) = ∫ cos(𝑎𝑙𝑛(𝑙𝑛𝜘))
𝑒

1

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 

= ∫ (
𝑒𝑎𝑙𝑛(𝑙𝑛𝜘))𝔦 + 𝑒−𝑎𝑙𝑛(𝑙𝑛𝜘))𝔦

2
)

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((ln (𝜘))𝑎𝔦) + 𝑒ln((ln (𝜘))−𝑎𝔦)

2
)

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

=
1

2
(𝑍𝑐((ln (𝜘))𝑎𝔦) + 𝑍𝑐((ln (𝜘))−𝑎𝔦))

=
1

2
(

(𝔦𝑎 + 1) − Ҏ𝔦

Ҏ2 + (𝔦𝑎 + 1)2 +
(−𝔦𝑎 + 1) − Ҏ𝔦

Ҏ2 + (1 − 𝑎𝔦)2 ) 

=
1

2
(

1

(Ҏ𝔦 + (𝑎𝔦 + 1))
+

1

(Ҏ𝔦 + (−𝑎𝔦 + 1))
)

=
1

2

2(1 ⨥ Ҏį)

((1 ⨥ Ҏį) + 𝑎𝔦)((1 ⨥ Ҏį) − 𝑎𝔦)
 

=
(Ҏį ⨥ 1)

((Ҏ𝔦 + 1)2 + 𝑎2)
×

((−Ҏį ⨥ 1)2 ⨥ 𝑎2)

((−Ҏį ⨥ 1)2 + 𝑎2)

=
(1 ⨥ Ҏ2) ⨥ 𝑎2

𝑎4 − 2𝑎2(−1 + Ҏ2) + (1 + Ҏ2)2

−
Ҏ((Ҏ2 ⨥ 1) ⎯ 𝑎2)𝑖

𝑎4 − 2𝑎2(Ҏ2 − 1) + (Ҏ2 + 1)2 

9) 𝑍𝑐(sinh(𝑎𝑙𝑛(𝑙𝑛𝜘)) = ∫ sinh(𝑎𝑙𝑛(𝑙𝑛𝜘))
𝑒

1

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 

= ∫ (
𝑒𝑎𝑙𝑛(𝑙𝑛 (𝜘))) − 𝑒−𝑎𝑙𝑛(𝑙𝑛 (𝜘)))

2
)

(𝑙𝑛(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((ln (𝜘))𝑎) − 𝑒ln((ln (𝜘))−𝑎)

2
)

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

=
1

2
(𝑍𝑐((ln (𝜘))𝑎) − 𝑍𝑐((ln (𝜘))−𝑎)) =

1

2
(

1

Ҏį ⨥ (𝑎 ⨥ 1)
⎯

1

Ҏį + (1⎯𝔞)
) 

⩦
1

2
(

Ҏį⎯𝔞 ⨥ 1 − Ҏ𝔦 − 𝔞⎯1

((Ҏį + 1) + 𝑎)((Ҏį + 1) − 𝔞)
) ⩦

1

2

−2𝑎

((Ҏį + 1) + 𝔞)((Ҏį + 1) − 𝔞)
 

⩦
−𝔞

(Ҏį ⨥ 1)2 − 𝔞2 =
−𝑎

(Ҏį + 1)2⎯𝔞2 ×
(−Ҏį ⨥ 1)2 − 𝑎2

(−Ҏį ⨥ 1)2 − 𝑎2 

=
⎯𝑎(1⎯Ҏ2 − 𝑎2)

(1 + Ҏ2)2 − 2𝑎2(1⎯Ҏ2) + 𝑎4 +
2𝑎Ҏ𝔦

(1 + Ҏ2)2 − 2𝑎2(1 − Ҏ2) + 𝑎4 

10) 𝑐𝑜𝑠ℎ(𝑎𝑙𝑛(ln (𝜘))) = ∫ cosh(𝑎𝑙𝑛(ln (𝜘)))
(ln (𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1
 

= ∫ (
𝑒𝑎𝑙𝑛(ln (𝜘))) + 𝑒−𝑎𝑙𝑛(ln (𝜘)))

2
)

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((ln (𝜘))𝑎) + 𝑒ln((ln (𝜘))−𝑎)

2
)

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

=
1

2
(𝑍𝑐((ln (𝜘))𝑎) + 𝑍𝑐((ln (𝜘))−𝑎)) =

1

2
(

1

Ҏ𝔦 + (𝑎 + 1)
⨥

1

Ҏ𝔦 + (1⎯ 𝔞)
) 

=
1

2
(

Ҏį − 𝑎𝔦 + 1⎯Ҏį − 𝔞į⎯1

(Ҏ𝔦 + (𝔞 ⨥ 1))(Ҏį + (−𝔞 ⨥ 1))
) = (1

2⁄ )
2(Ҏį ⨥ 1)

((Ҏį ⨥ 1) + 𝑎)((Ҏ𝔦 ⨥ 1) − 𝑎)
 

=
(1 ⨥ Ҏį)

((1 ⨥ Ҏį)2 − 𝑎2) 
=

(Ҏį ⨥ 1)

((Ҏį ⨥ 1)2⎯𝔞2) 
×

((−Ҏį ⨥ 1)2 − 𝑎2)

((−Ҏį ⨥ 1)2 − 𝑎2)
 

=
Ҏ2⎯𝔞2 ⨥ 1

𝑎4 + 2𝑎2(Ҏ2⎯1) + (Ҏ2 ⨥ 1)2
−

(Ҏ + Ҏ3 + 𝑎2Ҏ)𝑖

𝑎4 + 2𝑎2(⎯1 ⨥ Ҏ2) + (1 ⨥ Ҏ2)2
 

11) 𝑍𝑐((ln(𝜘))ɱ cos(𝑎𝑙𝑛(ln (𝜘)))) =

∫ (ln(𝜘))ɱcos(𝑎𝑙𝑛(ln (𝜘)))
𝑒

1

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 

= ∫ (
𝑒𝑎𝑙𝑛(ln (𝜘)))𝔦 + 𝑒−𝑎𝑙𝑛(ln (𝜘)))𝔦

2
)

(ln(𝜘))Ҏ𝔦

𝜘
(ln 𝜘)ɱ𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((ln (𝜘))𝑎𝔦) + 𝑒ln((ln (𝜘))−𝑎𝔦)

2
) (ln(𝜘))ɱ

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

=
1

2
(𝑍𝑐((ln (𝜘))ɱ+𝑎𝔦) + 𝑍𝑐((ln (𝜘))ɱ−𝑎𝔦)) =(1/2)(

1

Ҏ𝔦+(ɱ⨥𝑎į+1)
+

1

Ҏ𝔦+(ɱ−𝔦𝑎+1)
) 

=
1

2
(

2Ҏ𝔦 + 2ɱ + 2

−Ҏ2 + 𝑎2 + 2ɱҎ𝔦 + 2Ҏ𝔦 + ɱ2 + 2ɱ + 1
) 

=
(Ҏ𝔦 + (ɱ + 1))

(į2Ҏ2 + 2Ҏį(ɱ ⨥ 1) ⨥ (ɱ ⨥ 1)2 + 𝑎2)
 

=
(Ҏ𝔦 + (ɱ + 1))

((Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2)
×

((−Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2)

((−Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2)
 

=
(Ҏ𝔦 + (ɱ + 1)) ((−Ҏ𝔦 + (ɱ + 1))

2
+ 𝑎2)

((Ҏ2 ⨥ (ɱ ⨥ 1)2)2 − 2𝑎2(Ҏ2⎯(ɱ ⨥ 1)2)) ⨥ 𝔞4 

By the same method, we can prove that: 

12) 𝑍𝑐((ln(𝜘))ɱ sin(𝑎𝑙𝑛(ln (𝜘)))) =

∫ (ln(𝜘))ɱsin(𝑎𝑙𝑛(ln (𝜘)))
𝑒

1

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 

= ∫ (
𝑒𝑎𝑙𝑛(ln (𝜘)))𝔦 − 𝑒−𝑎𝑙𝑛(ln (𝜘)))𝔦

2į
)

(ln(𝜘))Ҏ𝔦

𝜘
(ln(𝜘))𝑚𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((𝑙𝑛𝜘)𝑎𝔦) − 𝑒ln((𝑙𝑛𝜘)−𝑎𝔦)

2𝔦
) (ln 𝜘)ɱ

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

=
1

2į
(𝑍𝑐((𝑙𝑛𝜘)ɱ+𝑎𝔦) − 𝑍𝑐((𝑙𝑛𝜘)ɱ−𝑎𝔦)) 

=
1

2į
(

1

Ҏ𝔦 + (ɱ + 𝔦𝑎 + 1)
+

1

Ҏ𝔦 + (ɱ − 𝔦𝑎 + 1)
) 

=
1

2𝔦
(

−2𝔦𝑎

(Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2
) =

−𝑎

(Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2
 

=
−𝑎

(Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2
×

(−Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2

(−Ҏ𝔦 + (ɱ + 1))
2

+ 𝑎2
 

=
−𝑎 ((−Ҏ𝔦 + (ɱ + 1))

2
+ 𝑎2)

((Ҏ2 + (ɱ + 1)2)2 − 2𝑎2(Ҏ2 − (ɱ + 1)2) + 𝑎4)
 

13) 𝑍𝑐((ln(𝜘))ɱ cosℎ(𝑎𝑙𝑛(ln (𝜘)))) =

∫ (ln(𝜘))ɱcosh(𝑎𝑙𝑛(ln (𝜘)))
𝑒

1

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 

= ∫ (
𝑒𝑎𝑙𝑛(ln (𝜘))) + 𝑒−𝑎𝑙𝑛(ln (𝜘)))

2
)

(ln(𝜘))Ҏ𝔦

𝜘
(ln(𝜘))ɱ𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((ln (𝜘))𝑎) + 𝑒ln((ln (𝜘))−𝑎)

2
) (ln(𝜘))ɱ

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1
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=
1

2
(𝑍𝑐((ln (𝜘))ɱ+𝑎) + 𝑍𝑐((ln (𝜘))ɱ−𝑎)) 

=
1

2
(

1

Ҏ𝔦 + ((ɱ + 𝑎) + 1)
+

1

Ҏ𝔦 + ((ɱ − 𝑎) + 1)
) 

=
1

2
(

2Ҏ𝔦 + 2ɱ + 2

−Ҏ2 − 𝑎2 + 2ɱҎ𝔦 + 2Ҏ𝔦 + ɱ2 + 2ɱ + 1
) 

=
(Ҏ𝔦 + (ɱ + 1))

(𝔦2Ҏ2 + 2Ҏ𝔦(ɱ + 1) + (ɱ + 1)2 − 𝑎2)
 

=
(Ҏ𝔦 + (ɱ + 1))

((Ҏ𝔦 + (ɱ + 1))
2

− 𝑎2)
×

((−Ҏ𝔦 + (ɱ + 1))
2

− 𝑎2)

((−Ҏ𝔦 + (ɱ + 1))
2

− 𝑎2)
 

=
(ɱ ⨥ 1) ((Ҏ2 + (ɱ ⨥ 1))

2
⎯𝔞2)

((Ҏ2 + (ɱ ⨥ 1)2)2 + 2𝑎2(Ҏ2⎯(ɱ ⨥ 1)2)) ⨥ 𝑎4

−
Ҏ𝔦(Ҏ2 + (1 ⨥ ɱ)2 ⨥ 𝔞2)

((Ҏ2 + (1 ⨥ ɱ)2)2 + 2𝑎2(Ҏ2⎯(1 ⨥ ɱ)2)) ⨥ 𝔞4 

14) 𝑍𝑐((ln(𝜘))ɱ sinh(𝑎𝑙𝑛(ln (𝜘)))) =

∫ (ln(𝜘))ɱsinh(𝑎𝑙𝑛(ln (𝜘)))
𝑒

1

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘 

= ∫ (
𝑒𝑎𝑙𝑛(ln (𝜘))) − 𝑒−𝑎𝑙𝑛(ln (𝜘)))

2
)

(ln(𝜘))Ҏ𝔦

𝜘
(ln(𝜘))𝑚𝑑𝜘

𝑒

1

 

= ∫ (
𝑒ln((ln (𝜘))𝑎) − 𝑒ln((ln (𝜘))−𝑎)

2
) (ln(𝜘))ɱ

(ln(𝜘))Ҏ𝔦

𝜘
𝑑𝜘

𝑒

1

 

=
1

2
(𝑍𝑐((ln (𝜘))ɱ+𝑎) − 𝑍𝑐((ln (𝜘))ɱ−𝑎)) 

=
1

2
(

1

Ҏ𝔦 + (ɱ + 𝑎 + 1)
−

1

Ҏ𝔦 + (ɱ − 𝑎 + 1)
) 

=
1

2
(

−2𝑎

(Ҏ𝔦 + (ɱ + 1))
2

− 𝑎2
) =

−𝑎

(Ҏ𝔦 + (ɱ + 1))
2

− 𝑎2
 

⩦
−𝔞

(Ҏ𝔦 + (ɱ + 1))
2

− 𝑎2
×

(−Ҏį + (ɱ ⨥ 1))
2

− 𝑎2

(−Ҏį + (1 ⨥ ɱ))
2

− 𝑎2
 

=
−𝑎 ((−Ҏ𝔦 + (ɱ + 1))

2
− 𝑎2)

((Ҏ2 ⨥ (ɱ ⨥ 1)2)2 + 2𝑎2(Ҏ2⎯(ɱ ⨥ 1)2) ⨥ 𝔞4)
 

=
−𝑎(−Ҏ2 − 2Ҏ𝔦(ɱ + 1) + (ɱ + 1)2 − 𝑎2)

((Ҏ2 + (ɱ ⨥ 1)2)2 + 2𝑎2(Ҏ2⎯(ɱ ⨥ 1)2) + 𝑎4)
 

=
−𝑎(−Ҏ2 + (ɱ + 1)2 − 𝑎2)

((Ҏ2 ⨥ (ɱ ⨥ 1)2)2 + 2𝑎2(Ҏ2⎯(ɱ ⨥ 1)2) ⨥ 𝑎4)

+
2𝑎Ҏ𝔦(ɱ ⨥ 1)

((Ҏ2 + (ɱ ⨥ 1)2)2 + 2𝑎2(Ҏ𝔦2 − (ɱ ⨥ 1)2) ⨥ 𝔞4)
 

Examples (1.3): 

1) 𝑍𝑐(−10) =
−10

1+𝑝2
+

10𝑝

1+𝑝2
𝑖 

2) 𝑍𝑐((ln(𝜘))3) =
4

16+𝑝2
−

𝑖𝑝

16+𝑝2
 

3) 𝑍𝑐(−4ln (ln(𝜘))) = 4
(1−𝑖𝑝)2

(1+𝑝2)2
 

4) 𝑍𝑐(sinh(5(ln(𝜘)))) =
(120+5𝑝2)

(1+𝑝2)2−2(5)2(1−𝑝2)+(5)4
+

2(5)𝑝𝑖

(1+𝑝2)2−2(5)2(1−𝑝2)+(5)4
 

=
(120 + 5𝑝2)

(1 + 𝑝2)2 − 50(1 − 𝑝2) + 625
+

10𝑝𝑖

(1 + 𝑝2)2 − 50(1 − 𝑝2) + 625
 

5) 𝑍𝑐(cosh(3(ln(𝜘)))) =
1+𝑝2−(3)2

(3)4+2(3)2(𝑝2−1)+(𝑝2+1)2
−

(𝑝+𝑝3+(3)2𝑝)𝑖

(3)4+2(3)2(𝑝2−1)+(𝑝2+1)2
 

=
𝑝2 − 8

81 + 18(𝑝2 − 1) + (𝑝2 + 1)2 −
(𝑝3 + 10𝑝)𝑖

81 + 18(𝑝2 − 1) + (𝑝2 + 1)2 

6) 𝑍𝑐(sin(−4(ln(𝜘)))) =
64−4𝑝2+4

256−32(𝑝2−1)+(𝑝2⨥1)2
⨥

−8𝑝𝑖

256−32(𝑝2−1)+(𝑝2+1)2
 

7) 𝑍𝑐 (𝑐𝑜𝑠(2𝑙𝑛(ln (𝜘)))) =
(𝑝2+5)

16−8(𝑝2−1)+(𝑝2+1)2
−

((𝑝3−3𝑝))𝑖

16−8(𝑝2−1)+(𝑝2⨥1)2
 

8) 𝑍𝑐(3(ln(𝜘))2 + 4(ln(𝜘))5 + 2(ln(𝜘))−3) = 3𝑍𝑐((ln(𝜘))2) +

4𝑍𝑐((ln(𝜘))5) + 2𝑍𝑐((ln(𝜘))−3) 

= 3 (
3

9 + 𝑝2
−

𝑖𝑝

9 + 𝑝2
) + 4 (

6

36 + 𝑝2
−

𝑖𝑝

36 + 𝑝2
) ⨥ 2 (

⎯2

4 + 𝑝2
−

𝑖𝑝

4 + 𝑝2
) 

= (
9

9 + 𝑝2
+

24

36 + 𝑝2
−

4

4 + 𝑝2
) + (−

3𝑖𝑝

9 + 𝑝2
−

4𝑖𝑝

36 + 𝑝2
−

2𝑖𝑝

4 + 𝑝2
) 

9) 𝑍𝑐((ln(𝜘))−3 sin(2𝑙𝑛(ln (𝜘)))) =

−2((−𝑖𝑝+(−3+1))
2

+4)

((𝑝2+(−3+1)2)2−2(4)(𝑝2−(−3+1)2)+16)
 

=
(−2(−𝑖𝑝 + (−3 + 1))

2
− 8)

((𝑝2 + 4)2 − 8(𝑝2 − 4) + 16)
 

10) 𝑍𝑐 ((ln(𝜘))
3

2 cos(3𝑙𝑛(ln (𝜘)))) =
(𝑖𝑝+(

5

2
))((−𝑖𝑝+(

5

2
))

2

+9)

((𝑝2+
25

4
)

2
−18(𝑝2−

25

4
))+81

 

 

2. Conclusion 

We conclude that it is possible to find transforms for some functions 

that operate in the field of complex numbers, capable of being used 

in other research by solving special types of differential equations, 

whether ordinary or partial. 
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