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ABSTRACT

In this paper we show two-dimensional shifts of finite type whose
transition matrices commutes and such that the entries of their product
also consist of 0’s and 1’s. In particular, the form of associated zeta
function of the two-dimensional shift was obtained. Unlike in the one-
dimensional shifts of finite type; we gather that zeta functions for
them have not closed form. This result derived by obtaining a formula
for the number of periodic points of the subshift of finite type. This
formula is then incorporated in the corresponding zeta function.

1. INTRODUCTION

There has been great deal of interest has been concerning theoretical issues
on a class of dynamical systems known as the higher-dimensional subshifts
of finite type. In part to in the one-dimensional analogue of the
aforementioned systems example(Johnson et al.,19998) and (schmidt,2000).
It is well-known that each subshift of finite type can be defined via their
corresponding transition matrices. And probably one of the first papers to
exploit this situation, as far as higher-dimensional subshift of finite type is
concerned,(markley et al.,1981)and Al-Refaei.2011). In this paper, we shall
also assume that the associated transition matrices commutes but with the
extra assumption that the product of these matrices also have 0-1 entries,
(Noorani,M.1996)and Al-Refaei,A.2011). Our main goal is to study the form
of an associated zeta function. In this paper, it shown that, unlike in the one-
dimensional case, the corresponding function for the higher-dimensional
analogue of this dynamical system may not have a closed form. To arrive at
this conclusion we shall present a formula for the number of the periodic
points of these subshifts, (Noorani,M.2002). We shall then invoke the zeta
function introduced by (Lind,D.1995).where the aforementioned formula is
then incorporated. Along the way we also recover some of the results
proposed in (Lind,D.1995). To fix ideas, we shall concentrate entirely in the
two-dimensional case.
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2. PERIODIC POINTS

We are interested in counting the number of beriodic points for a given matrix subshifts. It
is convenient to introduce the following notation which is due to (Lind,D. 1995). Let

S= {O,l, ..... .k —1} for some fix positive integer k and H, V is two K x Kk 0-1 matrices,
Also let X be the set

X :{x =(x,)eS?% :H (xn,xmel):v (X1 Xpe,) =1, 7N eZZ}

Where €'S  1=1,2 are the standard basis vectors for 7.
The set X together with the shift map o,:X — X defined by

(0,(X)), =X, &N €Z® is called the subshift of finite type with respect to the

transition matrices H and V.
We are interested in counting the number of periodic points for a given matrix subshifts.
It is convenient to introduce the following notions which are due to Lind .Let the set of

all finite-index subgroups of Ve by 3, ForLe3,, let

Fix_=card {xe X :0,(X) =XVn e L}, denote the number of points in X which are

fixed by elements of L. As is in (Lind,D.1995). We are need the following classical result
from the theory of integer matrices,(Manning,1971).

Proposition 1

Every finite-index subgroup of Z* can be uniquely represented as the image of Z°
under a matrix having the form

I’1 qlz q13 qld
0 1, Oy .. Oy

0 0 r, .. Qg
00 0 0 r
Where I, 21Vi=12,..,d &o<q; <r -1 Vi+1< j<d.
From the above general result we have the following parameterization 32* of Sz ,
r,
3, :{ 1 A jzz r,>10<q < r1—1}.
0,
From this parameterization, we have the following proposition.

Proposition 2
Let X be a 2-dimentional matrix subshift with transitions matrices H,V such that

HV =VH and HV is a 0-1matrix. Then for each L € 3", where
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L = hoa 72, we have
0

Fix_=Trace(HV").

3.ZETA FUNCTIONS

The following was introduced by (Lind,D. 1995). The zeta function associated with a 2-
dimensionsl subshift of finite type is given as

§(Z)=exp[z%zmj

L

Where the sum is taken over all subgroups L of z* with finite index and [L] denotes the
index of L. One recovers the 1-dimensional zeta function of (Artin,M.1965) when one
considers finite-index subgroups of z* which are given by the cosets {nz:n = 1} Of course

the above definition also holds for arbitrary d-dimensional subshift of finite type. The zeta
function is clearly conjugacy invariant because the number of point of each period is

preserved. For  AeGL(d,Z) then z®-shift of finite type o can be defined as
(O_A)“ — o™

Proposition 3

Let o bea  z*-shift of finite type and A eGL (d,Z) Theng (2) =¢ .(2).
Proof: .

For Le 3, let AL={A;:neL }

The L <> AL isa bijection by g : L <> AL & g(n)=An,
vnel ,AeGL(@,Z)=[L] = Z%‘: Z%L‘z[m_]

Also Xxe{xeX:o,(x)=xVnelL }

Iff o,(X)=XVnelL ,andxisfixed point of &, in X and

XE{XGX o™ (X)=xVAne AL }

= ‘{XEX :o"(X)=xVnel }‘=‘{XEX :(6")"(X) =xVAn € AL }‘
= P, (6)=P.(6")=P.(c). Then

. (z):exp( Z %z [AL]J:eXp[ Z‘ %z [L]J:C:G(Z )-

The following examples will illustrate how to calculate the zeta functions when we get
the periodic point.
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Examplel
Let o be o -invariant of finite type on single point X ={x}

Then X is compact space, and 0, (X) =xVne L&P (o)=1VLEeS,

In Z? let 3, :{[g g jZZ r,r,>1,0<q < rl_l}_Then the zeta function of o is
rZ

¢ (2)= exp[z P[IE? ]_exp[ > %ZWJ

Le3J) Le3®, 1

oo £35S Lo e S5 L (5-)-001)

n=1r,=1q=0 r r n=1r,=1 1 2

exp{ZZ J exp ZZ( i

n=1r,=1 11 n=1r,=1 2

exp(i— log(1-2 )] - exp[Z Iog(

n=1 n=1

oo{os( i) -Me

Example 2
Let o be the full Z? k-shift, then

(X =108 k=17 (0"09), =X, ¥xe X VDl |

)

Then VL e 3, &P, (o) =K = K™

L K (L]
So the zeta function is exp BANRPITY
=1

“oo 55 |-o sylte)

n=1r,=1q=0

n=1

- exp(i—log (1-(Kz )" )] - ﬁﬁ

4. RESULTS

From the above propositions, examples and by (Al-Refaei,A.2011) we get this Theorem
which will be help us to get the zeta function for any periodic point that we jet it by
transition matrix.
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Theorem
Let X=X(H,V) be a 2-dimensional matrix subshift such that HY=VH and HV is a 0-1

matrix. Then the zeta function of X is formally given by

2 - j_(ﬂ,,+ﬂ12+...+ily
4(2)=l;ﬂ:[(1—/42]) where ) = jandﬂ’lhui,,izlz are the

eigenvalue of H and V respectively .

Proof :
Since H and V commutes, one can simultaneously 'diagonals' them via a non-singular

matrix R (see, for e.g, (Jacobson 1953)) so that
Fix, =Trace (HV *)=Trace (RH'R 'RV “R )

v o 2.7 )0 (i )
=Trace (d|ag (/11[4 A 1y )) = A+ Ay

Hence
F = 2 ATrace(HV ?)
[(—.‘sz IXLJ_eXp(ZZZ ( )Z 12)
L [ ] n=1r=1q=1 112

R PRy

o e ] P
we see that
S A
7% =A% log (1 2"
22w, (t-u2’)
Therefore,

[ZFiXszexp£ii2iMZmJ BXpZZIog(l po)

L [L] i=l n=1r,=1q=1 r1r2 i=ln=1

2 »

“[11]0-w2") "

i=1 =1

In particular, we have

g(z):exp[zFlL z[Lj exp(logHH(l : “) rlj:fﬂz[(l 7y )Aq.
5. CONCLUSIONS

This papers focused on properties for shift of finite type exactly zeta function for subshift in
dimension two, to present various method to calculate periodic point and zeta function for
two-shift of finite type using subgroup and transition matrix .
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