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ABSTRACT

In this paper we introduced a class of locally convex involution
algebras called MBG*-algebras as generalized of GB*-algebras was
introduced by Allan. We obtain some results on this class and
established a necessary and sufficient conditions for a commutative
MGB*-algebra to be symmetric.
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1. INTRODUCTION

Since the theory of Banach algebras has undergone considerable
development, the concepts of locally convex *-algebras and pseudo-complete
locally convex *-algebras (PL*-algebras) was introduced by Allan [1] and as
generalizations of normed *-algebras and in particular Banach *-algebras. In
[2], Allan defined a class of locally convex *-algebras called GB*-algebras as
a generalization of B*-algebras. In this paper we introduced a new class of
locally convex *-algebras called MGB*-algebras (definition (3.3)) as a
modification of GB*-algebras. This class is more general of the definition of
GB*-algebras introduced by Allan [2]. The required definitions and results
from books and research papers (cited in the bibliography) are listed in §2.

In 83 we obtain some results on locally convex MBG*-algebras and establish
a necessary and sufficient conditions for a commutative MGB*-algebra to be
symmetric, Theorem (3.11).

2. LOCALLY CONVEX*-ALGEBRAS

We shall use the basic terminologies of definitions and results of this section
from books and research papers cited in the bibliography.
DEFINITION 2.1 [7] A *-algebra is an associative linear algebra A over

the complex filed € with an involution * satisfying the usual axioms
() (Ax+py)" =Ax"+0y" (uyEAALREC);
(i) (xy) =y« (ny€A4) ;
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(iii) x*=x (x€ A).
An element x€ A will be called hermitian if x** = x and normal if x*x = xx*.The
set of all hermitian elements of A will be denoted by A;,.
DEFINITION 2.2 [1] A locally convex algebra is an associative linear algebra A over the
complex filed C equipped with a topology T such that
(i) (A, 1) is a Hausdorff locally convex topological vector space ;
(i) for any element x, € A the maps X=X, ¥ and X—=xXx, of A into itself are
continuous.
DEFINITION 2.3 [1] Let E be a locally convex space. A subset B of E is said to be
bounded if for each neighborhood V of the origin, there is A = 0 such that B & AV .
DEFINITION 2.4[1] Let A be a locally convex algebra. An element x4 is bounded if

and only if for some non-zero A € € the set {{Ax)™ : m = 1,2, ... } is a bounded subset
of A. The set of all bounded elements of A will be denoted by 4, -

REMARK 25 Every element of a normed algebra is bounded so for each normed
algebra A, 4 = 4.

NOTATION 2.6 If A'is a locally convex algebra, then $B; will denote the collection of all
subsets B of A such that

(i) B is absolutely convex and B® < B,

(ii) B is bounded and closed.

Foreach B £ 3, let A(B) denote the sub-algebra of A generated by B. Then from (i) and
(ii)

A(B) ={Ax: A€ C,x €EB}.

And the Minkowski functional

| x ll;=inf{A > 0:x € AB} (x € A(B)),
defines a norm on A(B), which make A(B) a normed algebra. Unless mention is made to
the contrary, it will always be assumed that A(B) carries the topology induced by this
norm.

DEFINITION 2.7[1] The locally convex algebra A is called pseudo-complete algebra if
and only if each normed algebra A(B) (B € $,) is complete (Banach algebra) and
denoted by PL-algebra.

DEFINITION 2.8 A subcollection 82 of %y is said to be basic in B if for every By in B,
there is some By in Bz suchthat By & B .
PROPOSITION 2.9 Let A be a locally convex algebra and let $B. be any basic
subcollection in 8. Then
A, =U{A(B):BE®,.
Proof . See [1] Proposition(2.4).
PROPOSITION 2.10 Let A be a locally convex algebra. If A is sequentially complete then
A is pseudo-complete but not conversely.
Proof. See [1] Proposition(2.6) and examplel.
DEFINITION 2.11 If A is a locally convex algebra, then the radius of boundedness,

B(x), of x is defined by
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B(x) =inf{d = 0: {(A 1x)™:n = 1,2, ...} is bounded }
with the convention inf¢ = 4.
DEFINITION 2.12 (i) Let A be a locally convex algebra with identity e and let x € A .

=

The spectrum of x in A denoted by a4 (x) (o7 just a(x) ), is that subset of C (The
extended of ©) defined as follows
(a) for A+ ,AE a(x) if and only if A2 — x has no inverse belonging to
A (i.e. has no bounded inverse),
(b) @ € ol(x)ifandonlyif x & 4, .
(ii) If A has no identity, we define g, (x) = Ta, (x),
where A is the unit adjoint . By [ 1] A is PL-algebra if and only if A, is PL-algebra.
DEFINITION 2.13 Let A be a locally convex algebra with identity e and let x € A .
Then the spectral radius of x in A denoted by 7 () (o just +(x) ) will be defined by

ry(x) = supf|dl: A € a(x)}.
THEOREM 2.14 Let A be a locally convex algebra and let x* € A . Then
B(x) = r(x) and if A is PL-algebra then f(x) = r(x).
Proof. See [1] Theorem(3.12) .
DEFINITION 2.15 A locally convex *-algebra is a locally convex algebra with a
continuous involution. And a pseudo-complete locally convex *-algebra (PL*-algebra) is a
PL-algebra with a continuous involution.
PROPOSITION 2.16 A closed subalgebra of pseudo-complete algebra (resp. *-algebra) is
itself pseudo-complete algebra (resp. *-algebra).
Proof. See [1] Proposition(2.8).
PROPOSITION 2.17 If A is a commutative pseudo-complete algebra (resp. *-algebra)
then Ay is a subalgebra (resp. *-algebra) of A.
Proof. See Corollary(2.11) in [1].
DEFINITION 2.18 Let A be a locally convex*-algebra. The involution in A is said to be
hermitian if for each h € Ay, o (k) is real.

PROPOSITION 2.19 Let A be a PL*-algebra with identity e . If x* € A such that
B(x) <1 then there exists ¥ €A such that 2y — ¥ = x, furthermore if
X € A thenalso ¥ € A,

Proof. See [6] Lemmal.
REMARK 2.20 If A is a complex *-algebra then every element has a unique representation

xrx and k =

- -

. &
THEOREM 2.21 Let A be a real or complex algebra and let P(x) be any polynomial with
coefficients in the field of the scalars of A and with constant term zero in case A does not
have an identity. Then, for every x € 4, P(x) € A and F'[:r.TA [x]} =gy [F' (x) )
Proof. See [7] Theorem(1.6.10).
PROPOSITION 2.22 Let A be a locally convex algebra. Then
(i)Any subset or any scalar multiple of a bounded set is bounded,
(ii)Any finite union or sum of bounded sets is bounded,

xT—x

in the form x=h+ik where h and k are hermitian. In fact kb =
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(iii)The image by a continues linear mapping of a bounded set is bounded,

(iv)The closure, convex envelope and absolutely convex envelope of a bounded set are
bounded.

Note: The following propositions (Proposition 2.23 and Proposition 2.24) was we obtained
in another work (as a paper ) and we need them in this paper, so we also give him prove
here.

PROPOSITION 2.23 If Ais a locally convex*-algebra with identity e .Then

(i)If x €A, then x* andx—x* € 4,,
(i) If x> EA,, then x € A, .
Proof. (i) let x € A, , then there exists & # 0 such that
S, ={(kx)*n=12,..1

is a bounded setin Aand 54 & A, . Let

S,={(#xH"n=12.1
It is clear that 55 = 54. Since every subset of a bounded set is bounded, then 5 is a
bounded set and thus x* € A, . Also A~15; and A725, are bounded sets, then by
Proposition(2.22) 125, — 21725, is a bounded set. Since x — x* € 1715, — 1725,
then x —x° € A .
(ii)Suppose X~ € A, . Then there exists ~ # 0 such that the set

S, ={(AFxH"n=12,..}
is bounded. Let S, = 5; U AxS, U {Ax}. Since Aisa locally convex*-algebra then
foreach v € A the function

friA— A, fulx) = yx
is a continuous function . Since 5; and {E}are bounded sets in A and by
Proposition(2.22) the image by a continuous function of a bounded set is bounded, and

since

fo(51) = 54, f1.(5y) = AxSy,and fi,.({e}) = {Ax}.
then 5, AxS;and {Ax} are bounded sets in A. Since any finite union of bounded sets is
abounded set, therefore S, = 5; U Ax5; U {Ax} is a bounded set in A. since

{(Ax)"n=12,..}E5,.

Then the set
{(Ax)™:m = 1,2, ... } is a bounded set . Therefore x € 4, . O
PROPOSITION 2.24 Let A be a locally convex*-algebra with identity e. If the involution
in A is hermitian then for every h €4, , e + h? has a bounded inverse. Further, the
element h(e + h*)™1 is also bounded.

Proof. Assume that the involution in A is hermitian and let h € A, | then a, [h] is real
and by Theorem(2.21), @, (h*) = ( o, (h))2. Then o, (h*) is non-negative real and
hence —1 €& o, (h%) . Thus e + h* has a bounded inverse. Put u = h(e + h*)71.
Thenu® = h*(e + hz]_f =(e+h*) T —(e+ h")  since(e+ hP) L EA4,
then by Proposition(2.23) 1~ and then it € A,.
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3. MGB *-ALGEBRAS

In this section we introduced a new class of locally convex algebras with an envolution so-
called MGB*-algebras, as a modification of GB*-algebras was introduced in [2] by Allan,
and show that each commutative MGB*-algebra is symmetric if and only if the involution
is hermitian. ‘
Notation 3.1 (a) If A is a locally convex *-algebra with identity e, as [2] then 3 will denote
the collection of subsets B of A satisfying:
(i) B is absolutely convex, closed and bounded,;
(i)e € B, B> € B and B* = B.
And write 8'={Be B : B=B}.

(b) If A is a topological *-algebra with identity e, as [4] then 8" will denote the collection
of subsets B of A satisfying:
(i) B is closed and bounded;
(ile € B, B> S B and B* = B.
Allan[2] defined a GB*-algebra as follows
DEFINITION 3.2 [2] A GB*-algebra is a locally convex *-algebra A with identity e such
that

(i) B has a greatest member B,
(i) A is symmetric,
(iii) A(B) is a Banach *-algebra for each B in .
Dixon in [4] modified Alln’s definition of GB*-algebras by defining it as follows:
A GB*-algebra is a topological *-algebra A such that

(i) $B* has a greatest member B and B is absolutely convex,

(if) A is symmetric,

(iii) A(B) is a Banach *-algebra.

We now come to the definition of the class of algebra so-called MGB*-algebras which is

more general than the GB*-algebras ( Allan’s[2] definition ).
DEFINITION 3.3 A MGB*-algebra is a locally convex *-algebra A with identity e such
that

(i) $B* has a greatest member Bzand B is absolutely convex,

(i) A(F,) is a Banach *-algebra.
REMARK 3.4 Every GB*-algebra (as in [2] ) is a MGB*-algebra but not conversely. It is
clear that each GB*-algebra is a MGB*-algebra. To show that the converse is not true in
general, consider the *-algebra A of all complex polynomials, p; endowed with the
topology Tof uniform convergence on compact subsets of the positive real line. It is easy to
see that A, consists just of the constant functions and that %* has a greatest member B,
namely the set of all constant functions not exceeding unity in absolute value and A( By ) is
a Banach *-algebra. Thus A is a MGB*-algebra. Now let p € A defined by plx) =x~
and let ¢ =1 + pp” where | is the identity map then q(x) = x + x~. It is clear that

f € A has not a bounded inverse in A. Thus A is not symmetric. Therefore A is not a GB*-
algebra.
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PROPOSITION 3.5 Let A be a MGB*-algebra. Then the subspace 4(B,) contains all
hermitian elements of 4, .

Proof. Let h be a hermitian element of A, then there exists a real & #= 0 such that
§={(kh)™n=12,..} is a bounded set. Therefore B =5 U {e}is bounded
(where  denote the closure in A). Thus B is closed, € € B, B> € B and B* = B.
Hence B € B,.Since hh € B then *h € B, . Therefore h € A(B,). o
COROLLARY 3.6 If A be a symmetric MGB*-algebra, then for each x € A,
(e+ x*x)"t € A(B,).

Proof. Let x € A. Since A is symmetric then (e +x*x)™ € A, Since (e + x*x) 7!
is hermitian element of 4, then by Proposition (3.5), (e + x*x)™ € A(B,). o
PROPOSITION 3.7 If A be a symmetric MGB*-algebra, then for each x € A,
x*x(e+x*x)™t € A(B,).

Proof. LetxE€A. Since A is symmetric then by Corollary (3.6),
(e + x*x) T € A(B,). Let

u= x*x(e+x*x)"' =e— (e+ x"x)7 Since both e and (e + x"x) ™ are
elements  of A(B,) and since A(B,) is a *subalgebra then
e— (e+x*x) T € A(B,).

Hence x*x(e+x"x)™' € A(By). o

PROPOSITION 3.8 Let A be a MGB*-algebra and let x be any element of A;, such
that B(x) < =0, then there exists an element v € A, such that v* = x.

Proof. Let x € A, such that [B(x) = 40, then x € A4, N A, and then there exists a
real » # Osuchthat S = {(hx)®:n=1,2,..}isabounded set.Let B =5 U {e}
then B is bounded, closed, € € B ,B* S Band B* = B.Hence B € B,. Since
’x € B then hx € B,.

Therefore x € A(B,) E A,. Since A(B,) is a Banach *-algebra then by Proposition

(2.19) and by [7] Lemma(4.7.2), there exists v € A, such that v* = x. o
PROPOSITION 3.9 Let A be a commutative MGB*-algebra and hermitian involution.
Then A is symmetric.

Proof . Suppose that the involution on A is hermitian and let x € A, then by Remark(2.20)
x has the form x = h + ik where h, k € 4, then x*x = h* + k* € A, and then
by Proposition(2.24) and Proposition(3.5),
(e+h*)™, (e+ k™™ hie+h*) ™ and  k(e+k*)™'  are  hermitian
elements of 4, and then of A(B,).

Let

hy = h(e + h?) (e + k)t

ky=k(e+k*) e+ hH)?
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Clearly by, k; € A(B,) E A, and hy, ky € A,. Since
hi + ki € A(B,) N A, then by Proposition (3.8) there exists ¥, € Aj such that
hi + ki =wv] .Then

R? 4k = v2(e + h2)2(e + k2)?
where v = v, (e + h*)(e+ k%) € A,. Thus
etx'x=e+ K +ki=e+vied,.
Since the involution on A is hermitian and e +x*x = e +wv? € A, then by

Proposition(2.24) e + v*and then e+ x*x has a bounded inverse. Therefore A is
symmetric. O

PROPOSITION 3.10 Let A be a locally convex*-algebra with identity e. If A is symmetric
then the envolution on A is hermitian.

Proof. Suppose that A is symmetric and let b € A; . We claim that that &, (R) is real if

-
r

v,

this is not true then there is h € A, such that JA(h:] contains a complex number
a+ ib,wherea, b € B and b = 0. Define

_ah® + (b*—a’)h

~ b(b? +a?)

Then k € A, and by Theorem (2.21),

k

a( a (h]) +(B? —a?)e, (h)

g, (k)=—2 =

4 b(b? + a?)

since @ + ib € a, (h) then

ala +ib)* + (b* —a*)(a+ ib)
b(b* + a?)

which implies that € + k= has no bounded inverse in A, which is a contradiction with the

hypothesis . Therefore the involution on A is hermitian. O

THEOREM 3.11 Let A be a commutative MGB*-algebra. Then A is symmetric if and only

if the involution is hermitian.

Proof. Since each MGB*-algebra is a locally convex*-algebra. Then the result follows

from Proposition(3.9) and Proposition (3.10). O

COROLLARY 3.12 Let A be a commutative PL*-algebra with identity. Then A is

symmetric if and only if the involution is hermitian.

Proof. Since each commutative PL *-algebra A with identity is a commutative MGB *-

algebra. Then by Theorem (3.11) A is symmetric if and only if the involution is
hermitian O

(S crA( k)= —lecrA[ k%),
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