
 

Page |  57 |The Scientific Journal of The Faculty of Education            - vol.(1), No (5) June 2008 

    

    
    

    
    

    
@@@@
    

    

@@@@

@@@@

ON ON ON ON 
hR ----TRIRECURRENT TRIRECURRENT TRIRECURRENT TRIRECURRENT     

FINSLER SPACES FINSLER SPACES FINSLER SPACES FINSLER SPACES     
 

By:F.Y. A. Qasem  
Dept. of Mathematics, College of Education 
 University of Aden, Aden Prov., Yemen. 

 

And A. A. A. Muhib  
Dept. of Mathematics, College of Education  
University of Aden Aden Prov., Yemen. 
E-mail: moheb20052000@yahoo.com 

    
Abstract: 

      The concept of recurrent curvature of an 

n-dimensional Riemannian space was 

extended to a Finsler space by A. Moór 

([7],[8],[9]). Shalini Dikshit [3] defined the 

birecurrent Finsler space and  F.Y.A.Qasem 

[10] defined the generalized birecurrent 

Finsler space and their properties 

considering the Cartan's curvature tensor 

( ) ( )i
jkhR , ,x y y x= & .The object of the 

present paper is to study trirecurrent Finsler 

space considering the Cartan's curvature 

tensor ( )i
jkhR ,x y  . 
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1. INTRODUCTION 
 

      Let ( )( )n nF = M , F ,  x y be a Finsler space on a differentiable 

space nM  , equipped with the  fundamental function ( )F ,x y  . 

We denote the fundamental metric tensor 

   (1.1)                  ( ) ( )21
, , , :

2ij i j i i
g x y F x y

y

∂∂ ∂ ∂ =
∂

& & &  . 

   The (h)hv-torsion tensor ijkC  defined by Makoto 

Matsumoto[4] 

(1.2)                  21 1

2 4ijk i jk i j kC g F= ∂ = ∂ ∂ ∂& & & & . 

   This tensor satisfies the following identities 

   (1.3)                  (a)  0i i i
ijk kij jkiC y C y C y= = =  , 

                          (b)   0= =i j i j
jk kjC y C y  . 

      The (v)hv-torsion tensor i
jkC  is the associate tensor of ijkC  

and is defined by 

                             (c)   :h hj
ik ijkC g C=   . 

      The unit vector il  in the direction of 
iy  is given by 

   (1.4)                   :=
i

i y
l

F
 . 

         For an arbitrary vector field iX , Cartan deduced ([1],[2]) 

      (1.5)                  ( ): &= ∂ − ∂ + Γ*i

|

i i i r r
k k r k rkX X X G X . 

      The function Γ*i

rk  and r
kG  are defined by 

      (1.6)                   (a)    :Γ = Γ − Γ*i i mi s
rk rk mr skC y , 

                                (b)    = Γ*rr s
k skG y . 
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The process of covariant differentiation known as h-

covariant differentiation (Cartan's second kind covariant 

differentiation) . Makoto Matsumoto ([4],[5]) calls this 

derivative as h-covariant derivative. 

           The metric tensor ijg and the associative metric tensor 
ijg  are covariant constant with respect to the   above process, 

i.e. 

      (1.7)                    (a)    0=|ij kg        and          (b)   0=|

ij
kg  . 

      The h-covariant derivative of the vector iy  vanish 

identically, i.e. 

      (1.8)                    0=|

i
ky  . 

       The process of h-covariant differentiation defined above 

commute with the partial differentiation with respect to jy  

according to 

(1.9)                   ( ) ( ) ( ) ( )& & & &∂ − ∂ = ∂ Γ − ∂*i

|
|

i i r i r
j k j j rk r jkk

X X X X P . 

    The Cartan curvature tensor i
rhkk  defined by 

(1.10)                 (a)  : /i l m
rhk k hr l rk h mk hrk G k h= ∂ Γ + ∂ Γ + Γ Γ −&*i *i *i * *  . 

This tensor satisfies the following identity (which is one of 

Bianchi identities ) 

                           (b)  0.+ + =i i i
jkh hjk khjk k k  

Also the above tensor satisfies the following relation 

(1.11)                 =i j i
jkh khk y H    , 

where 

                                                 

k/h means the subtraction from the former term by interchanging the indices k and h
 *
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(1.12)                 : /= ∂ + −i i r i
kh h k k rhH G G G h k . 

Matsumoto Makoto calls it h(v)-torsion tensor.This tensor is 

positively homogeneous of degree one in iy  

    The h-curvature tensor i
jkhR  (Cartan's third curvature tensor) 

defined by  

(1.13)                 

( ) ( ) /i s i s s
jkh h jk l jk sh jm k sh kl sh mk jhR y C y y h k= ∂ Γ + ∂ Γ Γ + ∂ Γ − Γ Γ + Γ Γ −&*i *i *l *m *m l *i m

. 

This tensor satisfies the following identity 

(1.14)                 

( ) 0,+ + + + + =| | |

r r r m l r l r l r
ijk h ihj k ikh j mkh ijl mjk ihl mhj iklR R R y R P R P R P  

where i
jkhP  is defined by 

(1.15)       (a) i i m i
jkh jk jm kh jh kP C P C= ∂ Γ + −& *i

h | , 

which satisfies 

                          (b) = Γ = =*i

|

i j j i i r
jkh jkh kh kh rP y y P C y . 

The tensor i
jkhR  satisfies the following relations 

(1.16)       (a) = +i i i m r
jkh jkh jm rkhR k C k y , 

                          (b) = =i j i j i
jkh jkh khR y k y H    . 

The associate tensor ijhkR  of r
ihkR  is given by 

(1.17)                = r
ijhk jr ihkR g R . 

    The curvature tensor ijkhH  defined by 

(1.18)                : /= ∂ + + −i i r i i r
jkh h jk jk rh rjh kH G G G G G h k  . 

Makoto Matsumoto calls it h-curvature tensor. However  we 

shall call it the h-curvature tensor of Berwald . This tensor is 
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positively homogeneous of degree zero in iy .The curvature 

tensor i
jkhH  and the tensor i

jkH  are related by 

(1.19)               (a) =i j i
jkh khH y H       and        (b)   &= ∂i i

jkh j khH H  . 

The deviation tensor i
hH  ,given by 

(1.20)               : 2 2= ∂ − ∂ + −i i i r i s i s
h h r h hs s hH G G y G G G G  , 

is positively  homogeneous of degree two in iy . Berwald 

constructed the tensor i
jkH  from the deviation tensor  i

hH  

according to 

(1.21)               ( )1

3
& &= ∂ − ∂i i i

kh h k k hH H H  . 

In view of Euler's theorem on homogeneous functions we have 

the following relations 

(1.22)               = − =i j i j i
jk kj kH y H y H   . 

Also the above tensor satisfies the following 

(1.23)               (a) := r
k krH H  ,    (b)   1

:
1

=
−

r
rH H

n
    and    (c)  

0=i
i khy H . 

The tensor . jkhH  defined by 

(1.24)                . := i
jkh ik jhH g H   . 

    For a recurrent [12] and birecurrent [3] Finsler spaces we 

have respectively 

(1.25)                =|m

i i
jkh m jkhR Rλ            ,   0≠i

jkhR       

and  

(1.26)                =|m|l

i i
jkh lm jkhR a R           ,   0i

jkhR ≠   , 
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where  the non-zero covariant vector field mλ   being the 

recurrence vector field and lma  is a non-zero covariant tensor 

field of order 2 called birecurrence tensor field . 
 

2.  hR -TRIRECURRENT SPACE 
 

    Let us consider a Finsler space whose Cartan third curvature 

tensor satisfies 

(2.1)                  l=|m|l|n

i i
jkh n m jkhR b R       ,     0≠i

jkhR  , 

where ln mb is a non-zero covariant tensor field of order 3 called 

as trirecurrence tensor field . The space satisfying the 

condition (2.1) will be called an hR -trirecurrent space . 

    Let us consider an hR -birecurrent space nF  satisfies (1.26) 

.Differentiating (1.26) covariantly with respect to Cartan's 

connection Γ*i

kh  we have (2.1) where ( )= +|nlm lm n lm nb a a λ . This 

shows that the space considered is an  hR -trirecurrent . 

Therefore we conclude that every hR -birecurrent space is hR -

trirecurrent . 

    Now we shall consider an hR -trirecurrent space 

characterized by (2.1) . Transvecting (2.1) by ipg  and using the 

fact that the metric tensor is covariant constant with respect to 

Cartan's connection Γ*i

kh  , we have 

(2.2)                  =| ||jpkh m l n nlm jpkhR b R  . 

The contraction of the indices  i and  h  in (2.1) gives  

(2.3)                  =| ||jk m l n nlm jkR b R  , 
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showing that the Ricci tensor jkR  of an hR -trirecurrent space 

is trirecurrent . A space whose Ricci tensor is trirecurrent with 

respect to Cartan's connection  may be called as Ricci 

trirecurrent space .  

Thus we may conclude 

    Theorem 2.1 : An hR -trirecurrent space is always a Ricci 

trirecurrent space.    

    We know that the curvature tensor ijkhR of a three 

dimensional Finsler space is of the form [6] 

(2.4)                   /= + −ijkh ik jh jh ikR g L g L k h , 

where  

(2.5)                   1

2 2
 = − −  

ik ik ik

r
L R g

n
, 

(2.6)                   1

1
=

−
i
ir R

n
 . 

Transvecting (2.3) by jpg  , we have  

(2.7)                    =| ||

p p
k m l n nlm kR b R  . 

If we contract the indices  p and  k  in this equation ,we find  

(2.8)                    =| ||m l n nlmr b r  . 

In view of this equation and the equation (2.3) the third 

covariant differentiation of (2.5) gives 

(2.9)                   =| ||ik m l n nlm ikL b L . 

Differentiating (2.4) covariantly three times with respect to 
mx , lx and nx  successively in the sense of Cartan and using 

the equations (2.9) and rj r
ijkh ikhg R R=  imply (2.1) . 

Thus we may conclude  
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    Theorem 2.2 :The three dimensional Ricci trirecurrent 

space is necessarily an hR -trirecurrent space .  

    Makoto Matsumoto [6] introduced a Finsler space nF ( )3>n  

for which the tensor ijkhR satisfies the condition (2.4) and called 

it  R3-like Finsler space.  

If we consider an R3-like Ricci trirecurrent Finsler space then 

adopting the same process as in theorem (2.2) we may show 

that it is an hR -trirecurrent space. 

Thus we may conclude 

    Theorem 2.3 : An R3-like Ricci trirecurrent space is an hR -

trirecurrent space . 

    Transvecting (2.1 ) by  jy and using  (1.16b) ,we get 

(2.10)                 =| ||

i i
kh m l n nlm khH b H     . 

Further transvection of (2.10) by  ky  and using (1.22), we get 

(2.11)                 =| ||

i i
h m l n nlm hH b H    . 

Contracting the indices i and h in (2.11) and using (1.23b) ,we 

get  

(2.12)                 =| ||m l n nlmH b H    . 

Contracting the indices i and h in (2.10) and using (1.23a), we 

get 

(2.13)                  k m l n nlm kH b H=| ||    . 

Thus we may conclude the above discussion as follows 

    Theorem  2.4 : The tensors  i
khH , i

hH ,the vector kH  and the 

scalar H of an hR -trirecurrent space are all h-trirecurrent . 
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    Now we shall try to find the necessary and sufficient 

condition for Berwald curvature tensor i
jkhH  to be h-

trirecurrent . 

For this purpose we differentiate (2.10) partially  with respect 

to jy , we get  

(2.14)                  ( )i i i
j kh m l n j nlm kh nlm jkhH b H b H∂ = ∂ +& &

| ||  ,  

where &∂ =i i
j kh jkhH H  . Using the commutation  formula(1.9) 

three times in (2.14) 

where ( ): &= ∂ Γ*rr h
jk j hkP y  ,we get 

(2.15)             
i i i i

i i i i i s
s s s j

[{ -  - } + -

- - -{ + - - - P }P ]

+

i r r r r r r
jkh m l n kh j rm rh j km kr j hm rkh jm l kh m j rl rh m j kl

r r i s s s r
kr m j hl kh j ml rkh m kh r sm h r km k r hm kh rm l n

kh m

H H H H H P H H

H H H H H H H

H

+ ∂ Γ ∂ Γ − ∂ Γ ∂ Γ ∂ Γ

∂ Γ ∂ Γ ∂ Γ ∂ Γ ∂ Γ

& & & & &

& & & & &

*i * * *i *

| || | | |

* * *i * *

| |r | |

| |

i i

s i
rm s

i i

- - - - -[{

+ - - - P } + -

- -

r i r i r i r r
l j rn rh m l j kn kr m l j hn kh l j mn kh m j ln rkh m

s i s i s i s s
kh r sm sh r km ks r hm skh l kh m r sl h m r kl

s s
ks m r hl kh r ml

H H H H H

H H H H H H

H H

∂ Γ ∂ Γ ∂ Γ ∂ Γ ∂ Γ

∂ Γ ∂ Γ ∂ Γ ∂ Γ ∂ Γ

∂ Γ ∂ Γ

& & & & &

& & & & &

& &

*i * * * *

| | | | |r| | |r |

*i * * *i *

| | |

* *

| |s

( )
i i i i s

s

i

-{ + - - - P }P ]P

= +      

t t t t r
skh m kh s tm th s km kt s hm tkh m rl jn

i
j nlm kh nlm jkh

H H H H H

b H b H

∂ Γ ∂ Γ ∂ Γ

∂

& & &

&

*i * *

|

  

This equation shows that  

(2.16)                  =| ||

i i
jkh m l n nlm jkhH b H   

if and only if the following  equation holds, i.e. 

(2.17)     
i i i i i

i i i i s
s s s j

[{ -  - } + - -

- -{ + - - - P }P ] +

-

r r r r r r r
kh j rm rh j km kr j hm rkh jm l kh m j rl rh m j kl kr m j hl

r i s s s r r
kh j ml rkh m kh r sm h r km k r hm kh rm l n kh m l j rn

H H H H P H H H

H H H H H H H

H

∂ Γ ∂ Γ − ∂ Γ ∂ Γ ∂ Γ ∂ Γ

∂ Γ ∂ Γ ∂ Γ ∂ Γ ∂ Γ

& & & & & &

& & & & &

*i * * *i * *

| | | |

* *i * * *i

|r | | | |

i i

s i i i i
rm s

- - - -[{ + -

- - P } + - - - -{ +

i r i r i r r s i s
rh m l j kn kr m l j hn kh l j mn kh m j ln rkh m kh r sm sh r km

i s i s s s s
ks r hm skh l kh m r sl h m r kl ks m r hl kh r ml skh m k

H H H H H H

H H H H H H H H

∂ Γ ∂ Γ ∂ Γ ∂ Γ ∂ Γ ∂ Γ

∂ Γ ∂ Γ ∂ Γ ∂ Γ ∂ Γ

& & & & & &

& & & & &

* * * * *i *

| | | | |r| | |r |

* *i * * *

| | | | |s |

( )i i i s i
s- - - P }P ]P =      

t
h s tm

t t t r
th s km kt s hm tkh m rl jn j nlm khH H H b H

∂ Γ

∂ Γ ∂ Γ ∂

&

& & &

*i

* *

 

Thus the above discussion can be concluded as follows 



 

The Scientific Journal of The Faculty of Education            - vol.(1), No (5) June 2008  |66  |  Page 

    Theorem 2.5 : The Berwald's curvature tensor ijkhH  of an 

hR -trirecurrent space is h-trirecurrent if and only if the 

equation (2.17) holds . 

    The curvature tensor ijkhR  and i
jkhk  are connected by the 

formula [11] 

(2.18)                = +i i i r
jkh jkh jr khR k C H  . 

Differentiating  (2.18) covariantly with respect to mx , we get 

(2.19)                  += +|m |m |m |m

i i i r i r
jkh jkh jr kh jr khR k C H C H  . 

Again differentiating  (2.19) covariantly with respect to lx , we 

get 

(2.20)                  

+= + + +|m| |m| |m| |m | | |m |m|

i i i r i r i r i r
jkh l jkh l jr l kh jr kh l jr l kh jr kh lR k C H C H C H C H . 

Again differentiating  (2.20) covariantly with respect to nx , 

we get  

(2.21)                  

+

     

i i i r i r i r
jkh l n jk h l n jr l n k h jr l k h n jr n kh l

i r i r i r i r i r
jr kh l n jr l n kh jr l kh n jr n k h l jr kh l n

R k C H C H C H

C H C H C H C H C H

= + + +

+ + + +
|m| | |m| | |m| | |m| | |m| |

|m | | | | |m | |m| | |m| |m| |

, 

using (2.1) ,(2.18) and (2.10) in (2.21) ,we get  

(2.22)                  

+= + +

+ + + +
|m| | |m| | |m| | |m| |

|m | | | | |m | |m| | |m|

i i i r i r i r
n lm jk h jk h l n jr l n k h jr l k h n jr n k h l

i r i r i r i r
jr k h l n jr l n k h jr l k h n jr n k h l

b k k C H C H C H

C H C H C H C H

. 

From (2.22) we may conclude that the curvature tensor  i
jkhk  is 

h-trirecurrent in an hR -trirecurrent space if and only if 
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(2.23)                  
+

0

+ +

+ + + =
|m|| |m| | |m| | |m ||

|| |m | |m| | |m|

i r i r i r i r
jr l n kh jr l kh n jr n kh l jr kh l n

i r i r i r
jr l n kh jr l kh n jr n kh l

C H C H C H C H

C H C H C H
 

Thus , we have  

    Theorem 2.6 : Cartan curvature tensor i
jkhk  of an hR -

trirecurrent space is h-trirecurrent if and only if the condition 

(2.23) is satisfied . 

 
3. CERTAIN IDENTITIES 
 

    We know that the tensor ijhkR   satisfies the identity ([1],[2])  

(3.1)                     

( ) ,+ + + + + =r r r s
ijhk ihkj ikjh ijr shk ihr skj ikr sjhR R R C k C k C k y o 

which in view of  (1.16b) reduces to 

(3.2)                     

( ) .r r r
ijhk ihkj ikjh ijr hk ihr kj ikr jhR R R C H C H C H o+ + + + + =  

Differentiating (3.2) covariantly with respect to   mx , we get  

(3.3)                     

( ) .r r r
ijhk ihkj ikjh ijr hk ihr kj ikr jhR R R C H C H C H o+ + + + + =|m |m |m |m  

Again differentiating (3.3) covariantly with respect to  lx , we 

get 

(3.4)                     

( ) .r r r
ijhk l ihkj l ikjh l ijr hk ihr kj ikr jh lR R R C H C H C H o+ + + + + =|m| |m| |m| |m|  

Again differentiating (3.4) covariantly with respect to nx and 

using (2.2), we get 

(3.5)                      

( ) ( ) .r r r
nlm ijhk ihkj ikjh ijr hk ihr kj ikr jh l nb R R R C H C H C H o+ + + + + =|m||  
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Using (3.2) in (3.5), we get  

(3.6)                      

( ) ( ) .r r r r r r
ijr hk ihr kj ikr jh l n nlm ijr hk ihr kj ikr jhC H C H C H b C H C H C H o+ + − + + =|m||  

Transvecting (3.6) by jy and using (1.22) and (1.3a), we get  

(3.7)                      ( ) ( )r r r r
ikr h ihr k l n nlm ikr h ihr kC H C H b C H C H− = −|m||  . 

Transvecting (3.7) by jig and using the symmetric property of 

(h)hv-torsion tensor ijkC  in all its lower indices and using 

(1.3c) ,we get  

(3.8)                       ( ) ( )j r j r j r j r
kr h hr k l n nlm kr h hr kC H C H b C H C H− = −|m||  . 

 In view of (1.3c) and (1.17), the equation (3.4) can be written 

as  

(3.9)                       

( ) .i i i i r i r i r
jhk l hkj l kjh l jr hk hr kj kr jh lR R R C H C H C H o+ + + + + =|m| |m| |m| |m|  

Using (1.16a) and (1.16b)  in (3.9), we get  

(3.10)                   

( ) 2( )i i i i r i r i r
jhk hkj kjh l jr hk hr kj kr jh lk k k C H C H C H o+ + + + + =|m| |m| . 

Using  (1.10b) in (3.10) ,we get  

(3.11)                   ( )i r i r i r
jr hk hr kj kr jh lC H C H C H o+ + =|m| , 

which implies 

(3.12)                   

.

i r i r i r i r i r i r
jr l hk jr hk l jr l hk jr hk l hr l kj hr kj l

i r i r i r i r i r i r
hr l kj hr kj l kr l jh kr jh l kr l jh kr jh l

C H C H C H C H C H C H

C H C H C H C H C H C H o

+ + + + +

+ + + + + + =
|m| |m | | |m |m| |m| |m |

| |m |m| |m| |m | | |m |m|

 

Differentiating (3.12) covariantly with respect to nx  in the 

sense of Cartan , we get  
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(3.13)            
i r i r i r i r i r i r
jr l n hk jr l hk n jr n hk l jr hk l n jr l n hk jr l hk n

i r i r i r i r i r i r
jr n hk l jr hk l n hr l n kj hr l kj n hr n kj l hr kj l n

i r
hr l n kj hr l

C H C H C H C H C H C H

C H C H C H C H C H C H

C H C

+ + + + +

+ + + + + +

+ +

|m|| |m| | |m| | |m || || |m | |m|

| |m| |m|| |m|| |m| | |m| | |m ||

|| |m |

.

i r i r i r i r i r
kj n hr n kj l hr kj l n kr l n jh kr l jh n

i r i r i r i r i r i r
kr n jh l kr jh l n kr l n jh kr l jh n kr n jh l kr jh l n

H C H C H C H C H

C H C H C H C H C H C H o

+ + + +

+ + + + + + =
|m| | |m| |m|| |m|| |m| |

|m| | |m || || |m | |m| | |m| |m||

 

Multiplying (3.13) by  my  and using (1.15b) , we get  

(3.14)            
i r i r i r i r i r m i r m
jr l n hk jr l hk n jr n hk l jr hk l n jr l n hk jr l hk n

i r m i r m i r i r i r i r
jr n hk l jr hk l n hr l n kj hr l kj n hr n kj l hr kj l n

i r m i
hr l n kj hr l kj

P H P H P H P H C H y C H y

C H y C H y P H P H P H P H

C H y C H

+ + + + +

+ + + + + +

+ +

|| | | | | || || |m | |m|

| |m| |m|| || | | | | ||

|| |m | |m

.

r m i r m i r m i r
n hr n kj l hr kj l n kr l n jh

i r i r i r i r m i r m i r m
kr l jh n kr n jh l kr jh l n kr l n jh kr l jh n kr n jh l

i r m
kr jh l n

y C H y C H y P H

P H P H P H C H y C H y C H y

C H y o

+ + +

+ + + + + +

+ =

| | |m| |m|| ||

| | | | || || |m | |m| | |m|

|m||

 

Multiplying (3.14) by hy  and using (1.3b), (1.22) and 

0i h
hkP y =  , we get  

(3.15)                     

( ) ( ) 0i r i r i r i r m
jr k kr j l n jr k kr j l nP H P H C H C H y− + − =|| |m |m || . 

    Consider the Bianchi identity for the tensor i
jkhR  given by 

[11]   

(3.16)                     

( ) 0,i i i s r i r i r i
jkh m jmk h jhm k shm jkr skh jmr smk jhrR R R y R P R P R P+ + + + + =| | |  

where  

(3.17)                     i i i r s
jkh h jk jh k jr khP C C C y= ∂ Γ − +& *i

| |s . 

Here we should  note that due to difference in the definition of 

tensor i
jkhP  , the form of Bianchi identity (3.16) differs from 

(4.3.3) of [11]  . 
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Differentiating (3.16) covariantly with respect to lx  gives  

(3.18)                    

( ) 0i i i s r i r i r i
jkh m l jmk h l jhm k l shm jkr skh jmr smk jhr l

R R R y R P R P R P+ + + + + =| | | | | | |
 . 

Differentiating (3.18) covariantly with respect to nx  gives  

   (3.19)                    

( ) 0i i i s r i r i r i
jkh m l n jmk h l n jhm k l n shm jkr skh jmr smk jhrl n

R R R y R P R P R P+ + + + + =| || | || | || ||
. 

In view of the condition (2.1) characterizing the hR -

trirecurrent space and the equation (1.16b), the identity (3.19) 

may be written as  

(3.20)                     

( ) 0i i i r i r i r i
nlm jkh nlh jmk nlk jhm hm jkr kh jmr mk jhr l n

b R b R b R H P H P H P+ + + + + =
||

, 

since iy  is covariant constant . Transvecting (3.20) by jy  and 

using (1.16b) and (1.15b) ,we get  

(3.21)                    

( ) 0i i i r i r i r i
nlm kh nlh mk nlk hm hm kr kh mr mk hrl n

b H b H b H H P H P H P+ + + + + =
||

. 

Thus we may conclude 

    Theorem 3.1 : In an hR -trirecurrent space , the identities 

(3.13) , (3.15) and (3.21) hold and the tensors    
r r r

ijr kh ihr kj ikr jhC H C H C H+ +    ;  r r
ikr h ihr kC H C H−     and j r j r

kr h hr kC H C H−  

are all h-trirecurrent . 
 

4. P2-LIKE hR -TRIRECURRENT SPACE 
 
    A P2-like space is characterized by  
(4.1)                      i i i

jkh j kh jkhP C Cφ φ= −  , 
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where jφ  is a non-zero covariant vector field . We must note 

that a P2-like space is necessarily a *P -Finsler space 
characterized by  
(4.2)                      i i

kh khP Cφ=  , 
where i j i i r

jkh kh kh rP y P C y= = |  and  j
j yφ φ= . 

    Let us consider a P2-like hR -trirecurrent space , then we 
necessarily have the equation (4.1) , (4.2) and the identity 
(3.16). From (4.1) and the identity (3.16) ,we have 
(4.3)                   

( ) (

) 0,

i i i r i r i r i i r
jkh m jmk h jhm k j hm kr kh mr mk hr hm jkr

r r
kh jmr mk jhr

R R R H C H C H C H C

H C H C

φ φ+ + + + + −

+ + =
| | |  

where  i j i j i
jhk jhk hkR y k y H= =  .  

Using (2.18) , (1.10b), m
ijhk ijhk ijm hkR k C H= +  and 

0jikh hijk kihjk k k+ + =   in (4.3), we get 

(4.4)                  
( ) ( ) 0,i i i i i i i

jkh m jmk h jhm k j khm mkh hmk jhmk jmkh jkhmR R R R R R R R Rφ φ+ + + + + − + + =
| | |

 

since the metric tensor is h-covariant constant the equation 
(4.4) may be written as  
(4.5)                   

( ) ( )ijkh m ijmk h ijhm k i jhmk jmkh jkhm j ikhm imkh ihmkR R R R R R R R Rφ φ+ + = + + + + +| | |

. 
Transvecting (4.5) by iy  , we have  
(4.6)                  

. . . . . .( ) ( )jkh m jmk h jhm k jhmk jmkh jkhm j khm mkh hmkH H H R R R H H Hφ φ+ + = + + + + +| | |

, 
where i

i yφ φ=  . We know that the tensor i
khH  satisfies the 

identity (1.23c) . Differentiating  (1.23c)  partially with respect 
to jy  and using (1.19b) and ij i j j ig y y= ∂ = ∂& &  ,we get  

(4.7)                    i i
ij kh i jkhg H y H o+ = . 

Taking skew symmetric part of (4.7) with respect to indices  j, 
k and h and using the first Bianchi identity for ijkhH  ,we get 
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(4.8)                    0i i i
ij kh ih jk ik hjg H g H g H+ + =  . 

Using . : i
jk h ik jhH g H=    in (4.8) , we may also write  

(4.9)                    . . . 0jkh hjk khjH H H+ + = . 

Using (4.9) in (4.6), we get   
(4.10)                  . . . ( )jkh m jmk h jhm k jhmk jmkh jkhmH H H R R Rφ+ + = + +| | | , 

or 
(4.11)                 ( )i i i i i i

kh m mk h hm k hmk mkh khmH H H R R Rφ+ + = − + +| | |  . 

Differentiating (4.11) covariantly with respect to lx  in the 
sense of Cartan we get  
(4.12)                  

( ) ( )i i i i i i i i i
kh m l mk h l hm k l l hmk mkh khm hmk mkh khm lH H H R R R R R Rφ φ+ + = − + + − + +| | | | | | | | .  

Differentiating (4.12) covariantly with respect to nx in the 
sense of Cartan and using (2.10) ,we get 
(4.13)            

( ) ( )

( ) ( ) .

i i i i i i i i i
nlm kh nlh mk nlk hm l n hmk mkh khm l hmk mkh khm n

i i i i i i
n hmk mkh khm l hmk mkh khm l n

b H b H b H R R R R R R

R R R R R R

φ φ

φ φ

+ + = − + + − + +

− + + − + +
|| | |

| | ||

 

Thus, we conclude: 
    Theorem 4.1 : In a P2-like hR -trirecurrent space we have 
the following identities : 
 
                          ( )i i i i i i

kh m mk h hm k hmk mkh khmH H H R R Rφ+ + = − + +| | |    ,  

                         
( ) ( )i i i i i i i i i

kh m l mk h l hm k l l hmk mkh khm hmk mkh khm lH H H R R R R R Rφ φ+ + = − + + − + +| | | | | | | |  

 and 
                           

( ) ( )

( ) ( ) .

i i i i i i i i i
nlm kh nlh mk nlk hm l n hmk mkh khm l hmk mkh khm n

i i i i i i
n hmk mkh khm l hmk mkh khm l n

b H b H b H R R R R R R

R R R R R R

φ φ

φ φ

+ + = − + + − + +

− + + − + +
|| | |

| | ||

 

                   
                                                                
 



 

Page |  73 |The Scientific Journal of The Faculty of Education            - vol.(1), No (5) June 2008 

REFERENCES 
 

 [1]   Cartan, Élie.: Sur les espaces de Finsler , C.R. Acad. Sci. (Paris), 
196 (1933)    582-586. 

 [2]  Cartan, Élie.: Les espaces de Finsler , Actualités, Paris, 79 (1934). 
2nd edit 1971. 

[3]  Dikshit, Shalini:  Certain types of Recurrences in Fisler spaces, D. 
Phil. Thesis, university of Allahabad ,Allahabad, 1992. 

 [4]   Matsumoto, Makoto: On h-isotropic and hC -recurrent Finsler 
spaces, J.Ma- th . Kyoto Univ.,11 (1971) 1-9. 

 [5]   Matsumoto, Makoto: On C-reducible Finsler spaces, Tensor N.S., 
24 (1972) 29-37. 

 [6]   Matsumoto, Makoto: A theory of three-dimensional Finsler spaces 
in terms of scalars, Demonst. Math., 6 (1973) 223-251. 

[7]  Moór, A.:  Untersuchungen Über Finslerräume von rekurrenter 
Krümmung, Tensor N.S., 13 (1963). 1-18. 

 [8]  Moór, A.:  Räume von zweifach rekurrenter Krümmung, Publ. 
Math.Debrec-en ,18 (1971) 165-169. 

 [9]  Moór, A.:  Über Finslerräume von zweifach rekurrenter Krümmung, 
Acta. Math . Acad. Sci.  Hungar., 22(1971) 453-465. 

 [10] Qasem,F.Y.A.: On Transformations in Finsler Spaces, D.Phil, 
Thesis, Unive- rsity of Allahabad, Allahabad (India), 2000. 

 [11] Rund, H.: The differential geometry of Finsler spaces, Springer-
verlag,Berlin-Göttingen-Heidelberg, 1959. 

 [12] Verma, Reema: Some transformations in Finsler spaces, D. Phil. 
Thesis,Uni- versity of Allahabad, Allahabad (India), 1991. 

 
 
 

 
 



 

The Scientific Journal of The Faculty of Education            - vol.(1), No (5) June 2008  |74  |  Page 

 


	العدد 5 الخامس

