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Abstract:

The concept afecurrent curvature of an
n-dimensional Riemannian spacewas
extended to a Finsler space by A. Moor
([71,[8],[9]). Shalini Dikshit [3] defined the
birecurrent Finsler spacand F.Y.A.Qasem
[10] defined the generalized birecurrent
Finsler space and their properties
considering the Cartan's curvature tensor

Riw (X.y).(y =X).The object of the

present papeis to studytrirecurrent Finsler
space considering the Cartan's curvature

tensorRy, (X,y) .
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1. INTRODUCTION

LetF,=(M,, F(x,y)) be a Finsler space on a differentiable
spaceM, , equipped with the fundamental functie(x,y) .

We denote the fundamental metric tensor

1. . ) 0
(1.2) g; (x,y)Eai 0, F2(x,Y).0 ::W :
The (h)hwtorsion tensor C, defined by Makoto
Matsumoto[4]

1. 1. . .
(1.2) Cye =500y =50,0,0, F*.

This tensor satisfies the following identities
(1.3) (@Fyy =Cqy =G ¥y =0,
(b)Cly' =C,y' =0..
The(v)hwtorsion tensoC ) is the associate tensor ©f,
and is defined by
(c) Ci=g"Cy .

The unit vectot' in the direction o' is given by

Yy
(1.4) I' = =
For an arbitrary vector fiekl' , Cartan deduce1],[2])
(1.5) X =0,X' =(8, X" )G + X

The functionr, andG, are defined by
(1.6) @ = —Crnlay®,
(b)Gy =ray*.
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The process of covariant differentiation known las
covariant differentiation (Cartan's second kind amtant
differentiation) . Makoto Matsumoto ([4],[5]) callghis
derivative ah-covariant derivative.

The metric tensay;, and the associative metric tensor
g’ are covariant constant with respect to the alpooeess,
le.

1.7) (@)g;, =0 and (b) g, =0 .

The h-covariant derivative of the vector y' vanish
identically, i.e.

(1.8) Y, =0 .

The process df-covariant differentiation defined above
commute with the partial differentiation with respdo y'
according to
(1.9) 0, (X )=(9,%x"), =x" (9, )-(8, X' ) B

The Cartan curvature tendqgy, defined by
(1.10) (@k!, =0l +d,FiGl+T M —Kk/h .

This tensor satisfies the following identity (which one of
Bianchi identities )
(b) K, + ki + Ky =0.
Also the above tensor satisfies the following rielat
(1.12) Kioy' =Hi

where

k/h means the subtraction from the former term byraftanging the indicdsandh
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(1.12) H! =0G\ +G.G,-h/k.
Matsumoto Makoto calls ih(v)torsion tensor.This tensor is
positively homogeneous degree one iy’

Theh-curvature tensor;,, (Cartan's third curvature tensor)

defined by
(1 13)

th =0 er +(a er) zhys + Ciim(a kr*;f _r*tlrlshys)+rﬁml<_mih_ Wk

This tensor satisfies the following identity
(1.14)

uk h I:gh] k + Rxhu + yn ( Fgukh ijl Rjk il+ IB]] r|IE)) =
whereP,, is defined by
(1-15) (a) Pth :ahr?k +Cijm P — Cijhk!
which satisfies
(b) Pthy = jikh yj = F{m = Ckhry .
The tensoR;,, satisfies the following relations
(116) (a) Rth - kl]kh + Cijm K:llh y ’
(bRthy = k]kh y = H,
The associate tense,, of R}, is given by
(117) I]hk ng Rnk "
The curvature tensef , defined by
(1.18) Hin=0,G) +G}G,+G;, G - W k .
Makoto Matsumoto calls ibh-curvature tensor. However we
shall call it theh-curvature tensor of Berwald . This tensor is
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positively homogeneous of degree zeroyinThe curvature
tensorH ., and the tensor ; are related by

(1.19) (@ Hj.y' =H, and (b) Hj =0, Hy, -
The deviation tenso; ,givenby
(1.20) H!:=20,G'-0,G,y +2G G - GG, ,

is positively homogeneous of degree two yih. Berwald
constructed the tensor, from the deviation tensorH;

according to
[ 1. i A [
(1.21) Hi :é(ahH —OH)

In view of Euler's theorem on homogeneous functivediave
the following relations

(1.22) Hiy' =-Hyy' =H,

Also the above tensor satisfies the following

(1.23) @H, =H' , (b) H;:ni_lH; and (c)

Y, Hyw =0.
The tensoH ,,, defined by
(1-24) H.jkh ::gikH}h .

For a recurrent [12] and birecurrent [3] Finstpaces we
have respectively

(1-25) R}kh\m = Rijkh ’ R}kh z0
and
(126) R;kh\xu\l = am R-jkh ' R}kh 7 O '
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where the non-zero covariant vector fielg), being the
recurrence vector field ang, is a non-zero covariant tensor

field of order 2 called birecurrence tensor field .

2. R"-TRIRECURRENT SPACE

Let us consider a Finsler space whose Cartechdbrvature
tensor satisfies
(2.1) R}kh\m\l\n =b

Ry , Rjkh £0 ,

nlm

whereb,, . iS a non-zero covariant tensor field of order 3ezhl
as trirecurrence tensor field . The space satigfythe
condition (2.1) will be calledn R"-trirecurrent space .

Let us consider ar"-birecurrent spac&, satisfies (1.26)

Differentiating (1.26) covariantly with respect tartan's
connectionr;, we have (2.1) where,, =(a,,+a,4,). This

shows that the space considered is aR"-trirecurrent .
Therefore we conclude that every-birecurrent space iR"-
trirecurrent .

Now we shall consider anR"-trirecurrent space
characterized by (2.1) . Transvecting (2.1)dayand using the

fact that the metric tensor is covariant constaitit vespect to
Cartan's connection,, , we have

(2.2) R
The contraction of the indiceisand h in (2.1) gives
(2.3) R =b, R

jkmiln nim * Yjk ?

=b,,R

jpkhlm(1[n nim*® *jpkh *
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showing that the Ricci tensat, of an R"-trirecurrent space

IS trirecurrent . A space whose Ricci tensor iturrent with
respect to Cartan's connection may be called a<iRi
trirecurrent space .
Thus we may conclude

Theorem 2.1 :An R"-trirecurrent space is always a Ricci
trirecurrent space.

We know that the curvature tensar, of a three

dimensional Finsler space is of the form [6]

(24) I]kh glk L]h + th le k/ h !
where
1

(2-5) Ly = n— Z(Rik _Lz gik)’

1

. =—/—R'.

(2.6) r=——R
Transvecting (2.3) by ” , we have
(27) k\m\l\n = bnIm RP

If we contract the indicep and k in this equation ,we find
(2.8) R o
In view of this equation and the equation (2.3) thed
covariant differentiation of (2.5) gives

(2.9) Licmin =BamLic

Differentiating (2.4) covariantly three times witkspect to
x™, x'and x" successively in the sense of Cartan and using
the equations (2.9) ang! R, = R, imply (2.1) .

r.

Im|l|n nim

Thus we may conclude
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Theorem 2.2 The three dimensional Ricci trirecurrent
space is necessarily &Rl -trirecurrent space .
Makoto Matsumoto [6] introduced a Finsler spacén > 3)

for which the tensor,, satisfies the condition (2.4) and called

it R3-like Finsler space.
If we consider an R3-like Ricci trirecurrent Finsgpace then
adopting the same process as in theorem (2.2) weshmaw
that it is anR"-trirecurrent space.
Thus we may conclude

Theorem 2.3 :An R3-like Ricci trirecurrent space is &1 -
trirecurrent space .

Transvecting (2.1 ) by 'and using (1.16b) ,we get

(2-10) H Ii<h\m\ In =b,,H ikh
Further transvection of (2.10) by* and using (1.22), we get
(2.11) H,

pimitin = Doy

Contracting the indiceisandh in (2.11) and using (1.23b) ,we
get

(2.12) H i = BomH

Contracting the indiceisandh in (2.10) and using (1.23a), we
get

(2.13) H

Thus we may conclude the above discussion as fsllow
Theorem 2.4 The tensorsH,, ,H| the vectorH, and the

:anmH k

kim[l|n

scalar H of anR"-trirecurrent space are all h-trirecurrent .

The Scientific Journal of The Faculty of Education- vol.(1), No (5) June 2008 | 64| Page



Now we shall try to find the necessary and isigiht
condition for Berwald curvature tensoH;, to be h-

trirecurrent .
For this purpose we differentiate (2.10) partialiyth respect
toy', we get

(2.14) o;H, :(a.b

khim|I|n 7 nlm

)Hikh+anmHijkh ,
whereo H,, =H',, . Using the commutation formula(1.9)

three times in (2.14)

wherep; =(d;ry; )y" ,we get

(2.15)

H }khlmll\n +[{H Lha jr*rim- H ima jr*lim_H ikra erqm' H irkIPrjrle Hrkhrﬁ? ri'rl Hi rhrf? I_Tk
-H Ilrlmajr*hrl -H Lh\ra jr*r:ll-{H In<nm'|' H Skr@ nrﬁsrﬁHé F? I_*Skn'qH sta lr_*sh-mH Is ES r}rPJr]| n
+H krh\mll aj rrrlm -Hri‘nmll aj rkrn -H ikrlmllaj r:n-HikHrlla jr’rmn-H ikn n|'ra ,rfm'[{ H i|1<h m

+H I(Sharr:m-H Isrﬁ rr*im-H ik@ F*ShrﬁH is hrm}| TH Skhﬁz rr’hi EH sI [ hf?n rr*skl

-H Iis\ma rr*hSI_H ikhsa rr*rfll-{HsikH mt H tkrF3 J_*inﬁH itf? EthnH i Q rs,*t h_nHi E; }Es ]ﬁ)r in
=(a'b ) H i +Dy H ijkh

jnim

This equation shows that
(2.16) H!

jkhimi1|n =b,,H ijkh

if and only if the following equation holds, i.e.

(2.17)

[{H &GO, Hin0 M ~H 0 Mo HyP'b t H o T H i Ta He i T
Hin0 T H et H3d T Haf TiaH @ FSiHS R P HH " T

H 10 TinH 10 T reH i 0 e H b Tl H it B0 TsH Q0%

H 0 T H oPhd HH S0 TiaHo @ T @ T5H 0 TR gatH e
Hp0T L HWD FaH R PP S0 b ) H'

Thus the above discussion can be concluded asvi®llo
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Theorem 2.5 :The Berwald's curvature tensef;, of an
R"-trirecurrent space is h-trirecurrent if and only the
equation (2.17) holds .

The curvature tens®;,, andk;, are connected by the
formula [11]

(2.18) Rin = Kin + C,, Hey -

Differentiating (2.18) covariantly with respect#d, we get
(2.19) Rigim = Kim + Cirm Hin ™ Cir e -

Again differentiating (2.19) covariantly with resg tox', we
get

(2.20)

Rt = it + Cie oy G Hor * Gt B ¥ G ooy -

Again differentlatlng (2.20) covariantly with resg tox",
we get

i — i i r i r i
Rjkh\m\l\n - kjkh\m\l\n + er\m\l\n Hkh+ er\m\l kh|n + er\m\n I_fkh\l +
i r i r r r i
C jrm H khil|n C jrin Hkh\m + erﬂ Hkh\m\n C]r\n Hkh\m\l er Hkh\m||\n

using (2.1) ,(2.18) and (2.10) in (2.21) ,we get
(2.22)

b, kljkh: kijkh\ \nn+Ci
+C i H r

i
jrm khil|n + C jriin

r i

jrim|l|n Hkh+ C
r i
Hkh\m C

r i r
Hkh\n+ C kh\l

jrim|n

r
H kh|m|l

jrim|l

r
Hkh\m\n C

il jrin

From (2.22) we may conclude that the curvaturedens,, is

h-trirecurrent in arR" -trirecurrent space if and only if
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C i

jrjm]

i r i r i r —
+C n Hkh\m +C Hkh\m\n + c Hkh\m“ - O

irl il jrin

r i r i r i
n Hkh +C' I_|kh\n + er\m\n Hkh\l + er |m |_l<h\l In

jr|ml

(2.23)

Thus , we have
Theorem 2.6 : Cartancurvature tensork;, of an R"-

trirecurrent space is h-trirecurrent if and onlythe condition
(2.23) is satisfied .

3. CERTAIN IDENTITIES

We know that the tens®;,, satisfies the identity ([1],[2])
(3.1)
Rink + Rug + Ran (G K + G &g+ G ) V= «
which in view of (1.16b) reduces to
(3.2)
Rie + Rug + Rgn (G B + G H + G H)= ¢
Differentiating (3.2) covariantly with respect ta™, we get
(3.3)
Rinkim * Ringim + R + (G He + G B+ G K, = 0
Again differentiating (3.3) covariantly with respéc x', we
get
(3.4)
Rijhk\m\l + thi mll + Fﬁﬂ'h\m\l +(qr l_F’L + Qr ld + gr lJ_ﬂ )\ml\ =0
Again differentiating (3.4) covariantly with respéc x" and
using (2.2), we get
(3.5)

bnlm(Rijhk + Ry + Rkjh)+( Qr He + G, h!j + G l-ﬂw)\m\l n= C
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Using (3.2) in (3.5), we get

(3.6)

Ci Hie +Cio Hyg + G Hi ) B (G Hie + G Hj + G, H )= o0
Transvecting (3.6) by’ and using (1.22) and (1.3a), we get
(3.7) Ci Hn =Cin H )i = By (Cie HL = G He)
Transvecting (3.7) by’ and using the symmetric property of
(h)hvtorsion tensorc,, in all its lower indices and using
(1.3c) ,we get

(3.8) CLH; =ClLHO i = bym(Cle Hy = C Hy)

In view of (1.3c) and (1.17), the equation (3.4 de written
as

(3.9)

Rinct * Rugot + Rt (G Hi + G By + G B, = 0

Using (1.16a) and (1.16b) in (3.9), we get

(3.10)

(Kipye + Kiyg + Kign)y +2(C;, Hy + G Hy + G Hy )y = €

Using (1.10b) in (3.10) ,we get

(3.11) Cj Hp +CL Hy +C Hy )y = 0,

which implies

(3.12)

C}r\ml Hhrk +C}r [m Hl:k I +C‘J’fl H:k [m + Clr H1k [m] + C;‘W m] Hlj + qf [m l_rlijl
#Chri Higin + Cw Higiy + G Hi + G Hiy + Gy B + G By = 0

Differentiating (3.12) covariantly with respect#6 in the
sense of Cartan , we get
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(3.13)

lel‘\ml h Hl‘:k +C|r\1u| l_lnk In r\mh |_Lk\| Ir jm I_Lk Iin + qu h |_’1k m qu I_Ak [mjn

i r i r

+C]rh Hhk\m\l C Hhk\m\l In cjh rjm|l \n Kj c:.h rml H(J n (Y:hr\m\n I_l(j\l cRr\m Hq lin
i r i r i r }

+Chr\| n" "kjm +Chr\| kj|mjn +Chr\n kjjm|l +C ij\ |l n +Ckr\ |l |n jh + Q<r\ |l Jh\n

+Cli<r\m\n jhll +CL” :hu\n Ckru\n jhm Q«u jhimin Q«\n byt + Qr Hh\mu\n =0
Multiplying (3.13) by y™ and using (1.15b) , we get
(3.14)
PJlrthhrk +R irl Hwk\n Jrh l_LkH l_rLk\Hn +quh l_rfllk\ S? + q’rl lLFL\ In
+C;thf:k\m\ly +G an\lﬂ“\nyn + h.r\l\n |_L hrH Hn+ .r\n I_llj\l + E |_k]JH\n
Chrin HiginY" * Gt HiainY ™ +Crn Higan Y™ + G Hyin V' + B Hy
+Pklr\| HJrh\n +F|j<r\n Hrjh\l + Fl’« HJh\Hn Q«H n Jh\mv Qr\l Hh\m\n 57 Q\n ILi'ﬂ\rnll '{/1
i Hjpun Y™ =0
Multiplying (3.14) byy" and using (1.3b), (1.22) and
P.y" =0, we get
(3.15)
(P He =R H) )y +(Cp Ho —Go H L) V=0,

Consider the Bianchi identity for the tensqy, given by
[11]
(3.16)
Rim + Rinicn* Rimict Y ( R Pt R Pt R =0,
where
(3.17) Pin =0 ij C‘jh‘k +C‘j,C'kh‘S Y.
Here we should note that due to difference indisenition of
tensor P, , the form of Bianchi identity (3.16) differs from
(4.3.3) of [11] .
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Differentiating (3.16) covariantly with respect o gives
(3.18)

Riimt + Rimigii ¥ Rinmii ¥ 37( Rim Pl Run Pt Rmkier)“ =0.
Differentiating (3.18) covariantly with respect16 gives

(3.19)

Rllkh\m\l\n Rijmk\hl\n+ thmkln+ 37( Fihm ijr+ Rkh er |1mk J’)
In view of the condition (2.1) characterizing thr"-
trirecurrent space and the equation (1.16b), tkatity (3.19)

may be written as

(3.20)

Do R * B Rc + Buse R+ ( Mo Pt H Bt H, By) =0,
sincey' is covariant constant . Transvecting (3.20)yByand
using (1.16b) and (1.15b) ,we get

(3.21)

b, Hi+b,H + bnlkH‘hm+(Hrthkr+ HP.+H_ P ,)r =0.

il In

fiin

Thus we may conclude

Theorem 3.1 :In an R"-trirecurrent space , the identities
(3.13) , (315 and (3.21) hold and the tensors
Cy Ha +Ci Hg +C Hi, 3 CuoHp —-Ci Hy  andC/!H; -Cl H|

are all h-trirecurrent.

4. P2-LIKE R"-TRIRECURRENT SPACE

A P2-like space is characterized by
(4-1) th §0Ckh ¢Cjkh ’
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where g is a non-zero covariant vector field . We mustenot

that a P2-like space is necessarily F-Finsler space
characterized by

(4.2) Pkih = ¢CLh ,
whereP,y' =R, =C,.Y and g=gy'.

Let us consider a P2-like"-trirecurrent space , then we
necessarily have the equation (4.1) , (4.2) andideatity
(3.16). From (4.1) and the identity (3.16) ,we have
(4.3)

R]Ikh\m Rijmk\h+ thm k+¢j( I_fhmc:kr-l_ |_‘khc':mr-l_ I_rlmklC ) ¢( H hm jk
+H th er r C ]hr) = O’
where R;hky =Ky Y = Hy -
Using (2.18) , (1.10bR,, = k;, +C,, Hy and
Kiin * K + Ky =0 1N (4.3), we get
(4.4)
1kh|m+RJmlqh+ R]hmk"'(”J( R<hm lRmkﬁ'- Rhm)<_¢7( Rt Rind; Rjkamzo’
since the metric tensor Iiscovariant constant the equation

(4.4) may be written as
(4.5)

Rijkh\m + ijk\h * Rjpmk = wi( Rhmk-l- Rmkh+ Rkhr) +¢( Rt Rt Rm)

Transvecting (4.5) by' , we have
(4.6)
H.jkh\m+H.jmkjh+ Cjhmk T ﬂR ]hmk+ ijkh jkh)ﬁ(”@ H khit H mih H h)ﬂ

where p=¢y' . We know that the tensad, satisfies the
identity (1.23c) . Differentiating (1.23c) palttjawith respect
to y’ and using (1.19b) ang, =0, y, =0, y ,we get

(4-7) 9; Hkih Ty, H}kh =0.

Taking skew symmetric part of (4.7) with respecindices j,
k andh and using the first Bianchi identity fet;,, ,we get
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(4.8) 9y Hin + 9 Hiy + Gy Hy =0
UsingH, , =g, H; In (4.8) , we may also write

(4-9) H o +Hp tH = 0.

Using (4.9) in (4.6), we get

(4.10) H jom T H join FH i = AR it R it R s
or

(4-11) Hll<h|m"'Himlqh'l'Hihmk:_(”(Ri hmih R mkit R ki -

Differentiating (4.11) covariantly with respect#6 in the
sense of Cartan we get
(4.12)

Hll<h\n1l +HImum"'thnnkl:_%(thmk"' R miht R kh%_ﬂ R hmi R midh R l<)1m'
Differentiating (4.12) covariantly with respectxdin the
sense of Cartan and using (2.10) ,we get
(4.13)
anmHI +anhHI +ankHIhm:_W\ll(Rhmk+ Rmk?'f Rkt)m_(?(thrﬁt IRm_lt_h IRDhrr
—@ (Rhmk+ Rmkh+ Rkhr)\ A Rt Rod Rkt)ﬁ n
Thus, we conclude:

Theorem 4.1 :In a P2-like R"-trirecurrent space we have
the following identities :

H Ii<h|m + H imM h+ H hrh k ﬂRI hmk+ R mkh kh)r 1

Hll<h\m\| +H IthI Hihmklz_%(Rihmk"' R mkht R kh)q_ﬂ R hmi R midh R k)i\m
and

anmHI +anhHI + ankHi hm: _W\I I( R hmk+ R mk?lf R kt)m_(?(l R hrﬁt iR m_lth ! R Dhrr
—@ (Rhmk + Rmkh+ Rkhr)\ A Rhmk+ Rmkﬁ' Rkt)ﬁ n
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