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Abstract:

In this paper the concepts of star-
refinement and strongly star-
refinement of covering are extended
to fuzzy topological space in the
sense of Chang, basic theorem for
covering dimension of normal fuzzy
topological space is proved . Also,
the small inductive dimension
function is extended to fuzzy
topological space, and some results
for this inductive dimension in

Chang® space are obtained .
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1.Introduction :

The concept of fuzzy set was introduced andlist by
Zadeh [16] and the concept of fuzzy topological cgsaby
Chang [5].Many mathematicians have contributed toed
the development of fuzzy topological spaces. Thacept of
covering dimension , small inductive dimension datge
inductive dimension were studied by many authors
[1,2,3,4,6]they used the notion of fuzzy coverirfgGhangs
spaces and Generalized Changpaces (GF-Space) for
inductive space. In section 3 of this paper weonhiice the
concept of star- refinement and strongly star-nexfient of
fuzzy covering, and then by using the concept afecing
dimension(see [3,6,12])andsitextension to fuzzy sitting that
used in [4] ,we obtained result for fuzzy norm@bdlogical
space .

In Section 4 the small inductive dimensiomdiion for
fuzzy topological spaces is introduced and studsseral
results are obtained.

2 .Preliminaries;

Throughout this paper Xill be a non-empty set of points,
a fuzzy set A in X is characterized by a membershnztion
Ua from X to the closed unit interval | = [0,1].(X) is denoted
to the grade of membership of x in A. The gradeandl O
representing respectively full membership and non-
membership in a fuzzy set A denoted lyy @O respectively.
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Clearly an ordinary set is a special case of fuget, any
subset of X can be regarded as a fuzzy set inll&dcarisp

fuzzy set. A fuzzy poinp, in X is a special fuzzy set in X

with membership function defined by: ) - {8 ?I X=X,
PXo , If X # X,

where 0 <a <, p;, is said to have supporg waluea, and is

denoted byp;_ or p.
pe OAif and only if a < pa(x), in particular
py, Op},if andonlyif x,=y,, a < B. .Other properties of

fuzzy sets can be found in [3,16].

Definition 2.11%:A family t of fuzzy sets in X, which satisfy
the following conditions:

(1) 0, Ix O

2)IfA,BOT,then ANBOT

(3) If Ay Ot for eachh in A, then JA, Ox

is called a fuzzy topology for X, and the pair {X,is a fuzzy
topological space (or fts for short). We sometimetse X or
X = (X, 1).

Also Chang’'s fuzzy topological space are eyalty
referred to as Chang’s spaces.
Every member oft is called at-open fuzzy set (or simply
open fuzzy set) and its complement is@osed fuzzy set (or
simply closed fuzzy set).
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As an ordinary topology, the indiscrete fuzzy taupyl
contains onlyOx and % (i.e. O and X), while the discrete
fuzzy topology contains all fuzzy sets.

Definition2.2 An open fuzzy set A in ftX is said to be clopen
if its complement L —A is an open.

Definition 2.3° Let A be a fuzzy set in ftX The closure
A and interior A of A are defined, respectively by

A =N{F:A OF,Fisclosedfuzzy set, i.e. the intersection of all
closed fuzzy sets containing A, and AU {U: U O A, U is
open fuzzy set}, i.e. the union of all open fuzeysscontained
in A. If A and B are fuzzy sets in a fts X one caamify that:

() A is open (resp. closed) in X if and only if
A = A°(resp.A = A)

(i) A OBthenAOB andA O B

(i) A=1, -1, - A -

The concept of the boundary of fuzzy subseis
introduced and studied by Warren [14], as in thiéowing
definition.

Definition 2.4. Let A be a fuzzy set in an fts X. The fuzzy

boundary of A denoted b§(A) is defined as the infimum of
all the closed fuzzy sets F in X with the properti(x) >

Ax) for all x O X, for which(An A%)(x)> 0.
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It follows from this definition thabA is a closed fuzzy set,
SinceAa OA it follows that,0A OA .

The following results of Warren [14] are nedde the
sequel.

Theorem 2.5 Let A and B be fuzzy sets in an Xs Then the
following results are hold :

(1)o (A) =0 if and only if A is open, closed, and gxis
(2)o(ANB) <0 (A)U a (B).

For other undefined elementary conceptkreotions in
this paper ,we refer to [3,10,13].

Definition 2.6 A fts. X is said to be normal fuzzy topological
space (N-fts. for short) if and only if for everpsed fuzzy set
F in X and every open fuzzy set UXxhsuch that F1 U, there
exists an open fuzzy set V¥isuch that F1vV O V O U.

Definition 2.7 A family U = {U,: A O A} of open fuzzy sets
in fuzzy topological spac¥ = (X, 1) is a fuzzy covering (or
covering for short) of a fuzzy set A if and onlyAf 0 U U, .

ACA
A sub covering of an open fuzzy coveritd of A is a

subfamily ofU which is still an open fuzzy covering of A.
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According to the definition (2-7) and [3], wevgi the
following definition:
Definition 2.8 The family U in Definition (2.6) is a fuzzy
covering (or. covering for short) ok if and only ifALDJAU” =1,

and we say thal is a covering of ftsX, and a collection
V ={V, :a0A} is said to be refinement & if |JV, =1,

afA

and each Yis contained in some memberg &f U.

Definition 2.9° A fuzzy set A in ftsX = (X, 1) is fuzzy
compact (or compact for short) if and only if eadvering of
A has a finite sub covering, and the Xts=(X, 1) iIs compact
if and only if each open covering ofs lhas a finite sub
covering.

Two fuzzy sets A and B are said to be oygilag (quasi-
coincident) if there exists x in X such that (x) +p,(x) >1.

In this case A and B are said to be overlap at x.
A and B are non-overlapping (disquisi-coincidefhthiand B
are not overlapping.

Definition 2.10* Let X be a nonempty set. A family =
{U}aon of fuzzy sets in X is said to be overlapping famiil
there exists XJ X such thaty, (x +u, (x) >1, foralla, f O

A. A family {U,}xon is non-overlapping if it is not
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overlapping, that is for every X X, there exista, 3 O A.
Such thaty,, (x) + py, (¥) =1

The following definition based on the notion afedlapping
(quasi- coincident) and it is more suitable for finezy setting.

Definition 2.11*! Let X be a nonempty set. A family =
{U,}onof fuzzy sets in X is said to be of order n (n-3)
written ordU = n, if n is largest integer such that there tsxis

an overlapping subfamily df having n + 1 elements.

Remark 2.12From the above definition if ofd = n then for
each n + 2 distinct indexes;, A,,..., Ao O /A ,we have
uU,Nu, N..NU, =0. Then it is non-overlapping, in
particular if orglJ =-1, thenU consists of the empty fuzzy

sets and ortl = 0, thenU consist of pair wise disjoint fuzzy
sets which are not all empty.

Ajmal and Kohli[4] introduced the notion dlzzy
covering dimension by the following definition:

Definition 2.13:_The covering dimension of a fbs denoted
dimy(X) is the least integer n such that every finiteropever
of 1x has a finite open refinement of order not excegdiror
+ oo if there exists no such integer.
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Thus it follows that dintX) = -1 if and only if X =00 and
dimy(X) < n if every finite open cover ofylhas a finite open
refinement of ordeg n. We have dipX) = n if it is true that
dimy(X) < n, but it is false that diffK) < n — 1. Finally
dimy(X) = + o if for every positive integer n it is false that
dimy(X) < n.

Remark 2.14The notion of covering dimension of a Ksis a
fuzzy topological invariant. Moreover, the coveridignension
of a topological space is n if and only if the cong
dimension of its characteristic fts is n.

3.Fuzzy star refinement of open Covering.

Now, we give the following definition for staefinement
and strongly
star- refinemendf open Covering :

Definition3.1 Let X be fts. andV={V:yr}, U = {Ux: A O
A}be two fuzzy open covering ofyl we sayV is an fuzzy

star refinement o) if the covering stp?,V) is a refinement of

U. where
st(p,V) = {v, OV:p/ OV} . i.e. vV, OU,for soma O Aand
yar

for eaclyl".
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Also we say thatV is a fuzzy strongly star — refinement of
U if the covering st(W) is a refinement o). i.e. every open
fuzzy set M1V there exist an open fuzzy seflU such that
st(V,V) O U ,where st(W) denotes the star of the set V with
respect to the covad. i.e. st(VV) = Jiv,ov:vnV, #g

yor

for soma [ Aand for eacyl.
It is easy to verify the following lemma.

Lemma3.2Every finite open cover of normal fuzzy topolodica
spacesX has a finite open star refinement.

Now, we prove the following proposition.

Proposition 3.3 A normal fuzzy topological space satisfies
dimy(X) < n if each finite open covering o has a fuzzy star
finite open refinement which is finite fuzzy opepvering
ofly of order< n.

Proof Suppose dirtX) < n ,for a normal ftX let U = {U;},1
=1, 2, ...k be a fuzzy open covering of Jand sinceX is
normal ,there exists a fuzzy closed coke{F,,F,,...,K } of
1x such that 1 U;, then F O U; O 1x which implies that
1x—F=F°.

Let A be the set of non-empty subset of {1,2,...,k} . Eachd
in A let V,=(U)N()1x -F)  where

i0o ido
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5={i2prUi},.Now if p7 is fuzzy point in X
i.e.p’ 01,,Then p? Ov,.since py O JV,.if and only if
0o0A, p; OV . ThusV ={Vs}sma is a finite open cover ofyl
furthermoreV is star- refinement df.

For if pfis fuzzy point in % thenp] OF for some |,

sincel, = JF;,and  ifp; Ov,then Vy K #0.thus
j0A

j0o ={j: p’0U },and since I Uj ,X is normalthere isV 5
in X such thatp? OF, OV, OV, OU, sothat Vs O V; .Hence

st(py, V) O Uj .i.e| {v;0V:P{ OV} OU,.

Now, since dirf(X) < n, there exists a finite open refinement
W of V such that the order of W does not exceed n, ihce
star- refinement ol, it follows thatW is star- refinement of
U. m

4.Small inductive Dimension

In [3] we studied the dimension function ofr@ealized
fuzzy topological spaces (GFS(X, A, ¢)) that dimension
function are small inductive dimension and largduictive
dimension, in particular for small inductive dimanms the
following theorems and their proofs have beenouhiiced in
[1, 2, 3, 6]
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Theorem 4.11f X = (X, A, T, ¢) andY= (Y, B, g, {), are two
GF-spaces which are homeomorphic to each othar,itiugX)

= ind(Y).

Theorem 4.2 If X = (X, A, 1, ¢) is a GF-space and = (Y, B,
T]Y, ¢|Y) is a subspace of X induced by fuzzy sets igrten
ind(X) = ind(Y).

Theorem 4.31f X= (X, A, 1, ¢§) is a GF- space such that ind
(X) < o0, then for every
n<ind(X), there is a subspadeof X such that ind({) = n.

Theorem 4.4A non-empty GF-spac¥ = (X, A, T, ¢) satisfies
ind(X) = 0, if and only if for every point p in X and @y open
set U containing p, there is a clopen set V, shet p] V [
U.

Theorem 4.5Let X = (X, A, T, §) be an FIGF-space such
that indX) = 0. ThenX is totally disconnected.

Here, we introduce the concept of small indigcti
dimension function for fuzzy topological spacesGisang®
space..

Definition 4.6. Let X = (X, 1) be a fuzzy topological space.
The small inductive dimension of, denoted by indiX, is
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defined as follows. indK = -1 if X =[1. For any nonnegative
integer n, indiX < n if for each xJ X and each open fuzzy set
G such that G(x) > 0 there exists an open fuzzysatX such
that U(x) > 0, U< G and indd(U) < n-1. indf X = n if indf X
<n is true and indK < n-1is not true.

indf X =o0 if there is no integer n such that irkKik n.

Note that if X is a general topological space, then this
concept reduces to that of ind.
A subset theorem for indf is proved in the follogin

Theorem 4.7.1f A is a crisp subset of an 3§, then indf A<
indf X.

Proof. The proof is by induction on n. For n = -1, if fnd
<-1, then indfX = -1, so that X #£1. Since A is a crisp subset
of X, it follows that A =0, and therefore indf A= —1,that is,
indf A<-1. Thus if indfX <-1, then indfA<-1. Therefore the
result holds for n = -1.

Assume the result is true for n —1. Then, we spailve the
result for n, that is ,we shall prove that if indlkk n, then indf
A <n, letindfX <n .Then to prove indf A n, let XxJA and let
G be an open fuzzy set in A, such that G(x) > Qc&IG is
open in A by induced fuzzy topology on A , therasex an
open fuzzy set H in X such that G =N"A. Now G(x) > 0O
implies H(x) > 0 and A(x) > 0. Since inaf < n, H is an open
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fuzzy set in X such that H(x) > 0. By definition.§} there
exists an open fuzzy set V in X such that V(x) ¥ €,H, and
indfd (V) <n-1.Let U= AN V. Since V is an open fuzzy set
in X, it follows that U is an open fuzzy set in Row U(x) > 0.
We have A(x) > 0 and V(x) > 0.Therefore AQY(x) > 0, so
that (ANV)(x) > 0, and hence U(x) > 0. Also ¥G. We have
V < H. Therefore AV < ANH, so that U< G. Further, indf
0a(U) = 0a(ANV) < 04(A) U 04(V) = 0UOA(V) = 0a(V) <
ANI(V) <o (V).

Thus d,(U) < 9(V). Since indd(V) < n -1, by induction
hypothesis it follows that indd,(U) < n —-1. Thus, for each x
[0 A and each open fuzzy set G in A such that G(f) there
exists an open fuzzy set U in A such that U(x) ¥&; G, and
indf 0A(U) < n -1. Therefore by the use of definition it
follows that indf A<n.

Thus if indfX < n, then indf A< n.

Therefore the result holds for n. Hence indEAdf X. =

Now, for zero dimensionality, we prove the faling
theorem, for Changspace.
Theorem 4.8A non-empty ftsX = (X,1) satisfies ind) = O if
and only if for every point p in X and every opeet &J
containing p, there is a clopen set V, such thatvpl U.

Proof Suppose that in&() = 0, then by the definition ind(’>§
0 if for every point p in X and every open set Lh@ning p
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there exists an open set V such that YW [ U, and inddV) <
0-1=-1, and since in&) < 0-1, then there is a point p in X
and open set U, [@ U, and for every open set V such thail p
V O U and inddV) < 0-2. Thus one such open set V must
satisfy the condition, ind{) = -1 implies thatdV = [I.
Therefore the only set with empty boundaries avpeh. Then
V is clopen set.

Conversely for every point p in X and every opet U
containing p, there exists
a clopen set V such that [(pV 0O U and ind@V) = indlJ) = -
1.ThenindK)=0. =

The following corollary is obvious.
Corollary 4.9 Every non-empty subspace of zero dimensional
fts X is zero dimensional.
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