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Abstract :

In this work, we introduce a new
types for compact space, namely "s-
compact, p-compacto-compact andg3-
compact" spaces, all of these are stronge
than compact spaces. We discussed ar |
proved several theorems concerning

these new concepts.
1. Introduction
Let (X,T) be a topological space, and et A be a subseX.dive

denote the closure of A byzx, the inte or of A by A and a
neighborhood of a point p will be denotedrdyd A subset S of (X)) is
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called
1. Semi-open if 3] §

2. Pre-open (briefly p-open) if [$§o

3.0-open if $1go

4. B-open if S]§o :
This notions were introduced by Mashu@Jy and Levin10].
A subset W of (XT) is called,

1. Semi-closed if Wis semi-open,
2.P-closed if Wis p-open,
3.a-closed if W is a-open,
4.B-closed if W is B-open.

A space (XT) is said to be semi—compact (P-compaetompact 3-
compact) space, if every cover of X, by semi—ogeoden,a-open,3-
open) sets, has a finite sub coverFH#{w, : allA}, is a cover of X by
semi-open (p-opem-open,-open) sets iX, then we say thd is semi-
open (p-openg-open,B-open) cover of X. A subset B, of a space X, is
Semi-compact (P-compaat;compact,3-compact), iff every semi—open
(p-open,a-open,3-open) cover of A, has a finite sub cover.

Of course, we have that :" open set = o— open = s—open”

U U

p—open = - open
While in the opposite direction may not hold, faample,
1. An interval in the form (a, b], is s-open, but mebpen and not
open.
2. Let X={1,2,3}, andTx={@{1},X}, then the set {2,3} isp3-open,
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but not s-open, also it is p-open but nebpen, and not open.
It follows that  B- compact = p- compact

S— compact = a— compact — compact

While in the opposite direction may not hold, foxample, if
X={x} O{xq, aOA, and A is any uncountable index set}, and
Tx={@{x},X}, then X is compact but notx-compact, and it is easy to
find examples for other directions. There are femmaepts related to
compact space, which are not discussed in thisrpdpey will be
published in a future work. In this work, the wordpace" means
topological space, and for the set of isolated tgoaf any space X, we
use the symbokl

2. First main results

In this section, we proved several theoretrsutisemi-compact (p-
compact,a-compact,3-compact) spaces. Firstly, we need the following
definitions, which is immediate consequence ofabeve statements.
Definition 2.1.

Let dJX, we say that g is semi-interior (p-interiax-interior, 3-
interior) point of subset A, iff there is semi-nfmnbd,a-nbd, 3-nbd) of
g, which contained in A,
I. e., dJX, is semi-interior (p-interiorg-interior, B-interior) point of set
A, iff there is semi-open (p-open;open,B-open) set U in X, such that
gOULA, and hence we can say that a subset of a spases¥mi-open
(p-open,a-open,B-open) set, iff every it's points is semi-operofien,
a-open,3-open).
Definition 2.2.

Let f : X — Y, be a function, we say thdt is semi-continuous (p-
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continuous,a-continuous 3-continuous), iff the inverse image of every
semi-open (p-operg-open,3-open) set in Y, is semi-open (p-open,
open,3-open) set irX.

Theorem 2.3.

Let f :X—Y is semi-continuous(p-continuous,a-continuous, 3
continuous) onto function, if X is semi-compactggmpact,a-compact,
B-compact), then also Y is.

Proof

LetF={w,: allA}, be semi-open (p-open;open,3-open) cover of
Y, considerFi=f (wy), alA, thenF; is a semi-open (p-opea;open,p-
open) cover of X,

but X is semi-compact (p-compaa;compact,-compact), then there
existsa 1,...,a n, such that XJ 0 fHwai). Now Y=f (X) O_f (O f H(wa),

then YO f (O f(wa)), that means YO O w,; then Y is semi-compact (p-

compacta-compact3-compact).

Theorem 2.4.

Let X is semi-compact (p-compaatcompact,-compact) space,
and A is a semi-closed (p-closedclosed,(3-closed) subset of X, then A
is also semi-compact (p-compagtcompact3-compact).
Proof

Let F={w, : a0/} is semi-open (p-opem-open,3-open)cover of A

by semi-open (p-operg-open, 3-open)subset of X, considerF; = F
O{A}, thenF, is semi-open (p-openi-open,B-open) cover of X, since

X is semi-compact (p-compaa;compact,3-compact), then there exists

a1,...,an such that )@{g (W) OA® }. So that A O (wa), hence A is
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semi-compact (p-compaati-compact,3-compact). Before we state our
next theorem, we need the following definition.
Definition 2.5.

Let (X,T) be a topology space, we say that X is sepspdce "semi-
Hausdorff -space”, (p-fspace,a-T,-space,-To-space), iff givena,
bIX, a+# b, then there is two disjoint semi-open (p-opempen,3-open)
subsets U and V of X, Such trafU, blJV.

Theorem 2.6.

Every semi-compact (p-compact;compact,3-compact) subset of
semi—Th-space (p-I-space,a-T,-space,3-To-space), is semi-closed (p-
closed,a-closed,3-closed).

Proof

Let X be a semi—ispace (p-I-space,a-To-space,3-T,-space). If
ALX is semi-compac{p-compact,a-compact, 3-compact)in X, and
alIX-A, bJA, a # b. Then there is two disjoint semi-open (p-open,
open,3-open) subsets IJ, V, of X, such that bU,, allVy, and Y NV,
=@. Let F={w, : bOA}, then F is semi-open (p-opem-open, 3-open)

cover of A. Since A is semi-compact (p-compactompact3-compact)

subset of X, then there exist, by..., h, such that A |:|1 Wyi=W. Let

V= ml Vai, then V is a semi-open (p-opem,open,3-open) subset of X

containing a, clearly tha¥ does not intersedtV, so that V1 X-A, and
hence a, is an interior point of X-A, seAis semi-open (p-opeim-open,
[B-open) subset in X. Therefore A is semi-closed I¢sed, a-closed,3-
closed) subset in X. Also for our next theorem, meed the following
definition.
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Definition 2.7.

Let f: X — Y be a function, we say thdt is semi-closed (p-closed,
a-closed, B-closed), iff the image of every semi-closed (pseld, a-
closed, B-closed) subset of X, is semi-closed (p-closaei;losed, 3-
closed) in Y.

Theorem 2.8.

A semi-continuous (p-continuous, a-continuous, [3-continuous)
function of semi-compac{p-compacto-compact3-compact)spaceinto
semi-T-space (p-7F-space,a-T,-space,3-T,-space), is semi-closed (p-
closed,a-closed 3-closed).

Proof

Letf : X—>Y is semi-continuous (p-continuousi-continuous, 3-
continuous) function, from semi-compact (p-compaicompact, 3-
compact) space X, into semi-$pace (p-7F-space,a-To-space,p-T,-
space). Let A is semi-closed (p-closed¢losed,3-closed) subset of X,
then A is semi-compact (p-compaatcompact,3-compact) (by theorem
2.4), then f (A) is also semi-compact (p-compaat-compact, -
compact), butf (A) is a subset of a semi-8§pace (p-I-space,a-T,-
space,3-To-space) Y, then (by Theorem 2.6J,(A) is semi-closed (p-
closed,a-closed,3-closed), so thaf is semi-closed (p-closed;closed,
B-closed) function.

Theorem 2.9.

Let f : X—>Y be a one-one semi-continuous (p-continuoas,
continuous 3-continuous) function, from semi-compact (p-conipae
compact,3-compact) space, into semik-3pace (p-F-spacea-T,-space,
B-T.-space), thenf * exist and hence will to be semi-continuous (p-
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continuousg-continuousf-continuous).
Proof.

Let F, be any semi-closed (p-closed;losed,3-closed) subset of X.
It follows thatF, is semi-compact (p-compaatcompact-compact), by
the continuity of f, we have thatf [F] is semi-compact (p-compadai;
compact,3-compact) subset, of semi-$pace (p-I-space,a-To-space,
[B-To-space). Thefi[F] is semi-closedp-closeda-closed,3-closed) in Y,
by hypothesis (f Y)Y[F]= f[F], So thatf * is semi-continuous (p-

continuousg-continuous3-continuous).

3. Second main results

In this section, we state and prove theorearmgerning a new our
concepts, whose it's holds for the condition of mompty interior of
every infinite subset of any topological space t{s leasy to notice that
(R, Ty) has non empty interior for any infinite subsetRyfbut every
finite space and every discrete space does ndfisatithis property.
The following propositions are clear.

Proposition 3.1.
In a space X, the following statements ap&iaalent:
1) For any infinite subset of X, has non gmpterior.
2) For any AJX, if A°=@then A is finite.
3) For any AOX, A\ A s finite.
Proposition 3.2.
Let X be any topological space, then X\id finite, iff for any
infinite subset of X, has non empty interior.
For p-compact, we have the following theorem.
Theorem 3.3.
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Any a space X is p-compact, iff it is compaecid for any infinite
subset of X, has non empty interior.
Proof

In the first, a p-compact space is compaad, for the second part, let
ADX such that A=¢, i. e. X-A is dense, hence for eadii, if S, =(X \
A)[{x}, then S, is p-open, by assumptioap-opencover{S, : a A} has
finite sub cover, this shows that A is finite, ahence for any infinite

subset of X has non empty interi@onversely let {S,: a [0/} be open

o]

cover of X, then {S_a : allA} is p-open cover of X, but X is compact, so

that there is finite subcover, and by the propéhgt for any infinite

(o]

subset of X has non empty interior. We have tS_,’;lt \' S, is finite for
eacha OA, hence there is a finite subdetof X, such that X s0{S.:
allAN} OF, therefore (Xt) is p-compact.

4. Third main results

In this section, we will give the generalipat of Tychonoff proved
theorem, First we have presented the generalizafi@ome of the basic
notions for the product topology, finite intersecti property,...and
maximal superclass because we needed, so we dag #@Eace X has
finite intersection property, if every finite subsk {A1, Aiz,..,Am} has
non-empty intersection, and so on. Also we cameedi semi-compact (p-
compact,a-compact,3-compact) space X, as a space that it has the finit
intersection property, for any class of semi-clogealosed, H-p-closed,
a-closed 3-closed) subsets of X, with the finite intersectpoperty. We
have the following useful result.

Theorem 1.4.

Let {A : i} be a collection of semi-compact (p-compact
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compact,3-compact) spaces, then the product spacg[{&= : illl }, is
also semi-compact (p-compaatcompact3-compact) space.
Proof

LetI={F;}, be a class of semi-closed (p-closedclosed,3-closed)
subsets of X, with the finite intersection propettgt p={My; k/k}, be a
maximal superclasses @f with the finite intersection property. Define

H:{Vk,klj K} , sincer; O J1 = szfj andF; D p= FOH. So if
we prove thatllhas non-empty intersection, théhwill be has non-

empty intersection. Now we will prove thatplX, s. t. p]ﬁk O k. Since
np={My ; kZk}, has the finite intersection property. Then feach
projection 77 : X—A, the class {T [My]: kZk}, of subset of the
coordinate spach, also has the finite intersection property, sodlass
of closures {rl\/lk] k Ok} is a class of closed subset A&f with the
finite intersection property, but by hypothegis is semi-compact (p-

compact, a-compact, f-compact). Then{m[m, ],k 0k} has non-empty

intersection. In other words there exagll A, s. t.a077,[M ] for eachk,
so if Gj, is any semi-open (p-opem-open, 3-open) subset of the

coordinate spacéy, then there exisq0 A, s. t. a0 G, andG N 7T

[Mi]#o, for everyk, and hence if p=g : i(Jl}, then p]éa 0 k, thus the

proof is complete.
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