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@
@  Abstract : 
 

      In this work, we introduce a new 

types for compact space, namely "s-

compact, p-compact,  α-compact and β-

compact" spaces, all of these are stronger 

than compact spaces. We discussed and 

proved several theorems concerning 

these new concepts. 

1. Introduction 

       Let (X,T) be a topological space, and let A be a subset of X. We 

denote the closure of A by A , the interior of A by Ao, and a 

neighborhood of a point p will be denoted by nbd. A subset S of (X,T) is 
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called  

     1. Semi-open if  S ⊆ oS , 

     2. Pre-open (briefly p-open) if  S⊆ S
o

, 

     3. α-open if S⊆ o
o

S ,   

    4. β-open if S⊆ S
o

.         

This notions were introduced by Mashuour[2]و and Levin[10].  

      A subset W of (X, T) is called,  

    1. Semi-closed if  Wc is semi-open, 

    2. P-closed if  Wc is p-open, 

    3. α-closed if  Wc is α-open,   

   4. β-closed if  Wc is β-open.  

      A space (X, T) is said to be semi–compact (P-compact, α-compact, β-

compact) space, if every cover of X, by semi–open (p-open, α-open, β-

open) sets, has a finite sub cover. If F={ wa : a∈Λ},  is a cover of X by 

semi-open (p-open, α-open, β-open) sets in X, then we say that F is semi-

open (p-open, α-open, β-open) cover of X. A subset B, of a space X, is 

Semi-compact (P-compact, α-compact, β-compact), iff every semi–open 

(p-open, α-open, β-open) cover of A, has a finite sub cover. 

"

openβ

opens

openp

openαsetopen":thathavewecourse,Of

−
⇓

−

⇒

⇒

−
⇓

−⇒   

While in the opposite direction may not hold, for example, 

1. An interval in the form (a, b], is s-open, but not α-open and not 

open. 

2. Let X={1,2,3}, and TX={ φ,{1},X}, then the set {2,3} is β-open, 
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but not s-open, also it is p-open but not α-open, and not open. 

compactα

compactp

compacts

compactβthatfollowsIt

−
⇓

−

⇒

⇒

−
⇓

−

⇒ compact

 

While in the opposite direction may not hold, for example, if 

X={x} ∪{x α, α∈A, and A is any uncountable index set}, and 

TX={ φ,{x},X}, then X is compact but not α-compact, and it is easy to 

find examples for other directions. There are few concepts related to 

compact space, which are not discussed in this paper, they will be 

published in a future work. In this work, the word "space" means 

topological space, and for the set of isolated points of any space X, we 

use the symbol IX.   

2. First main results 

      In this section, we proved several theorems about semi-compact (p-

compact, α-compact, β-compact) spaces. Firstly, we need the following 

definitions, which is immediate consequence of the above statements. 

Definition 2.1. 

      Let q∈X, we say that q is semi-interior (p-interior, α-interior, β-

interior) point of subset A, iff there is semi-nbd (p-nbd, α-nbd, β-nbd) of 

q, which contained in A,  

i. e., q∈X, is semi-interior (p-interior, α-interior, β-interior) point of set 

A, iff there is semi-open (p-open, α-open, β-open) set U in X, such that  

q∈U⊂A, and hence we can say that a subset of a space X, is semi-open 

(p-open, α-open, β-open)  set, iff every it's points is  semi-open (p-open, 

α-open, β-open). 

Definition 2.2. 

      Let  f  : X → Y, be a function, we say that  f  is semi-continuous (p-
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continuous, α-continuous, β-continuous), iff the inverse image of every 

semi-open (p-open, α-open, β-open) set in Y, is semi-open (p-open, α-

open, β-open) set in X. 

Theorem 2.3. 

       Let f :X→Y  is semi-continuous (p-continuous, α-continuous, β-

continuous) onto function, if X is semi-compact (p-compact, α-compact, 

β-compact), then also Y is. 

Proof 

      Let F={ wa : a∈Λ},  be semi-open (p-open, α-open, β-open) cover  of 

Y, consider Fi= f  -1(wa), a∈Λ, then Fi is a semi-open (p-open, α-open, β-

open) cover of X,  

but X is semi-compact (p-compact, α-compact, β-compact), then there 

exists α 1,…,α n, such that X ∪⊆
=

n

i 1
f -1(wai ). Now Y= f (X) ⊆  f (∪ f  -1(wai), 

then Y ⊆ f (∪ f-1(wai)), that means Y ⊆ ∪ wai , then Y is semi-compact (p-

compact, α-compact, β-compact). 
 

Theorem 2.4. 

        Let X is semi-compact (p-compact, α-compact, β-compact) space, 

and A is a semi-closed (p-closed, α-closed, β-closed) subset of X, then A 

is also semi-compact (p-compact, α-compact, β-compact). 

Proof 

      Let F={ wa : a∈Λ}  is semi-open (p-open, α-open, β-open) cover of A 

by semi-open (p-open, α-open, β-open) subset of  X, consider Fi = F 

∪ {A C},  then Fl  is semi-open (p-open, α-open, β-open) cover of X, since 

X is semi-compact (p-compact, α-compact, β-compact), then there exists 

α 1,…,α n, such that X ∪⊆
=

n

i 1
{ (wai) ∪AC 

}. So that A⊆ ∪ (wai), hence A is 
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semi-compact (p-compact, α-compact, β-compact). Before we state our 

next theorem, we need the following definition. 

Definition 2.5. 

 

      Let (X, T) be a topology space, we say that X is semi–T2space "semi-

Hausdorff -space", (p-T2-space, α-T2-space, β-T2-space), iff given a, 

b∈X, a ≠ b, then there is two disjoint semi-open (p-open, α-open, β-open) 

subsets U and V of X, Such that a∈U, b∈V. 

Theorem 2.6.  

      Every semi-compact (p-compact, α-compact, β-compact) subset of 

semi–T2-space (p-T2-space, α-T2-space, β-T2-space), is semi-closed (p-

closed, α-closed, β-closed).  

Proof  

      Let X be a semi–T2-space (p-T2-space, α-T2-space, β-T2-space). If 

A⊆X is semi-compact (p-compact, α-compact, β-compact) in X, and 

a∈X_A, b∈A, a ≠ b. Then there is two disjoint semi-open (p-open, α-

open, β-open) subsets Ub , Va of X, such that b∈Ua, a∈Vb, and Ub ∩Va 

=φ. Let F={ wb : b∈Λ},  then F is semi-open (p-open, α-open, β-open) 

cover of A. Since A is semi-compact (p-compact, α-compact, β-compact) 

subset of X,   then there exist b1, b2…, bn,  such that A ∪⊆
=

n

i 1
wbi=W. Let 

V= ∩
=

n

i 1
 Vai, then V is a semi-open (p-open, α-open, β-open) subset of X 

containing a, clearly that V does not intersect W, so that V⊆ X_A, and 

hence a, is an interior point of X-A, so X_A is semi-open (p-open, α-open, 

β-open) subset in X. Therefore A is semi-closed (p-closed, α-closed, β-

closed) subset in X. Also for our next theorem, we need the following 

definition. 
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Definition 2.7. 

  Let  f : X → Y be a function, we say that  f  is semi-closed (p-closed, 

α-closed, β-closed), iff the image of every semi-closed (p-closed, α-

closed, β-closed) subset of X, is semi-closed (p-closed, α-closed, β-

closed) in Y.  
 

Theorem 2.8.  

      A semi-continuous (p-continuous, α-continuous, β-continuous) 

function of semi-compact (p-compact, α-compact, β-compact) space into 

semi-T2-space (p-T2-space, α-T2-space, β-T2-space), is semi-closed (p-

closed, α-closed, β-closed). 

Proof 

      Let f : X→Y is semi-continuous (p-continuous, α-continuous, β-

continuous) function, from semi-compact (p-compact, α-compact, β-

compact) space X, into semi–T2-space (p-T2-space, α-T2-space, β-T2-

space). Let A is semi-closed (p-closed, α-closed, β-closed) subset of X, 

then A is semi-compact (p-compact, α-compact, β-compact) (by theorem 

2.4), then  f (A) is also semi-compact (p-compact, α-compact, β-

compact), but f (A) is a subset of a semi–T2-space (p-T2-space, α-T2-

space, β-T2-space) Y, then (by Theorem 2.6),  f (A) is semi-closed (p-

closed, α-closed, β-closed), so that  f  is  semi-closed (p-closed, α-closed, 

β-closed) function.  

Theorem 2.9.  

      Let f : X→Y be a one-one semi-continuous (p-continuous, α-

continuous, β-continuous) function, from  semi-compact (p-compact, α-

compact, β-compact) space, into semi–T2-space (p-T2-space, α-T2-space, 

β-T2-space), then  f -1 exist and hence will to be semi-continuous (p-
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continuous, α-continuous, β-continuous).  

Proof.       

       Let F, be any semi-closed (p-closed, α-closed, β-closed) subset of X. 

It follows that F, is semi-compact (p-compact, α-compact, β-compact), by 

the continuity of  f, we have that  f [F] is semi-compact (p-compact, α-

compact, β-compact) subset, of semi–T2-space (p-T2-space, α-T2-space, 

β-T2-space). Then f [F]  is semi-closed (p-closed, α-closed, β-closed) in Y, 

by hypothesis ( f -1)-1[F]= f[F], So that f -1 is semi-continuous (p-

continuous, α-continuous, β-continuous).  

3. Second main results 

      In this section, we state and prove theorems concerning a new our 

concepts, whose it's holds for the condition of non empty interior of 

every infinite subset of any topological space X. It is easy to notice that 

(R, Tu) has non empty interior for any infinite subset of R, but every 

finite space and every discrete space does not satisfies this property. 

The following propositions are clear. 

Proposition 3.1. 

      In a space X, the following  statements are equivalent: 

      1)  For any infinite subset of X, has non empty interior. 

2) For any A⊆X, if  Ao =φ then A is finite.  

3) For any A⊆X, A \ A is finite. 

Proposition 3.2. 

      Let X be any topological space, then X \ Ix is finite, iff  for any 

infinite subset of X, has non empty interior. 

      For p-compact, we have the following theorem. 

Theorem 3.3.  
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      Any a space X is p-compact, iff it is compact and for any infinite 

subset of X, has non empty interior. 

Proof  

       In the first, a p-compact space is compact, and for the second part, let 

A⊆X such that Ao =φ, i. e. X-A is dense, hence for each x∈A , if Sx =(X \ 

A)∪{x}, then Sx is p-open, by assumption, a p-open cover {Sa : a ∈Λ}  has 

finite sub cover, this shows that A is finite, and hence for any infinite 

subset of X has non empty interior. Conversely, let {Sa: a ∈Λ} be open 

cover of X, then {
o

Sα : a∈Λ} is p-open cover of X, but X is compact, so 

that there is finite subcover, and by the property that for any infinite 

subset of X has non empty interior. We have that 
o

Sα \ Sa, is finite for 

each a ∈Λ, hence there is a finite subset F of X, such that X = ∪{Sa: 

a∈Λ} ∪F, therefore (X, t) is p-compact. 

4. Third main results 

      In this section, we will give the generalization of Tychonoff proved 

theorem, First we have presented the generalization of some of the basic 

notions for the product topology, finite intersection property,…and 

maximal superclass because we needed, so we say that a space X has 

finite intersection property, if every finite subclass {Ai1, Ai2,..,Aim} has 

non-empty intersection, and so on. Also we can define a semi-compact (p-

compact, α-compact, β-compact) space X, as a space that it has the finite 

intersection property, for any class of semi-closed (p-closed, H-p-closed, 

α-closed, β-closed) subsets of X, with the finite intersection property. We 

have the following useful result. 

Theorem 1.4.  

      Let {Ai : i∈I} be a collection of semi-compact (p-compact, α-
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compact, β-compact) spaces, then the product space X=∏{A i : i∈I }, is 

also semi-compact (p-compact, α-compact, β-compact) space.  

Proof  

      Let Д={Fj}, be a class of semi-closed (p-closed, α-closed, β-closed) 

subsets of X, with the finite intersection property. Let µ={Mk ; k∈k}, be a 

maximal  superclasses of Д with the finite intersection property. Define 

k} , {µ k ∈= kM , since Fj ∈ Д ⇒ Fj = jF and Fj ∈ µ ⇒ Fj ∈µ . So if 

we prove that µ has non-empty intersection, then Д will be  has non-

empty intersection. Now we will prove that, ∃ p∈X, s. t. p∈ kµ  ∀ k. Since 

µ={Mk ; k∈k}, has the finite intersection property. Then for each 

projection  πi : X→Ai, the class {πi [Mk]: k∈k}, of subset of the 

coordinate space Ai, also has the finite intersection property, so the class 

of closures  k} ,{ ][
k

M ∈k
i

π is a class of closed subset of Ai, with the 

finite intersection property, but by hypothesis Ai, is semi-compact (p-

compact, α-compact, β-compact). Then k} ,{ ][
k

M ∈k
i

π has non-empty 

intersection. In other words there exist ai∈ Ai, s. t. ai∈ ][
k

M
i

π  for each k, 

so if Gi, is any semi-open (p-open, α-open, β-open)  subset of the 

coordinate space Ai, then there exist ai∈ Ai, s. t. ai∈ Gi, and Gi ∩πi 

[Mk]≠φ, for every k, and hence if p={ ai : i∈I}, then p∈
o

Sα  ∀ k, thus the 

proof is complete. 
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